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Abstract

We prove the firstStatistical Query lower boundsfor two fundamental high-dimensional learning
problems involving Gaussian distributions: (1) learning Gaussian mixture models (GMMs), and (2) ro-
bust (agnostic) learning of a single unknown mean Gaussian.In particular, we show asuper-polynomial
gapbetween the (information-theoretic) sample complexity and the complexity ofanyStatistical Query
algorithm for these problems. Statistical Query (SQ) algorithms are a class of algorithms that are only
allowed to query expectations of functions of the distribution rather than directly access samples. This
class of algorithms is quite broad: with the sole exception of Gaussian elimination over finite fields, all
known algorithmic approaches in machine learning can be implemented in this model.

Our SQ lower bound for Problem (1) is qualitatively matched by known learning algorithms for
GMMs (all of which can be implemented as SQ algorithms). At a conceptual level, this result implies that
– as far as SQ algorithms are concerned – the computational complexity of learning GMMs is inherently
exponentialin the dimension of the latent space– even though there is no such information-theoretic
barrier. Our lower bound for Problem (2) implies that the accuracy of the robust learning algorithm
in [DKK +16b] is essentially best possible among all polynomial-time SQ algorithms. On the positive
side, we give a new SQ learning algorithm for this problem with optimal accuracy whose running time
nearly matches our lower bound. Both our SQ lower bounds are attained via a unified moment-matching
technique that may be useful in other contexts. Our SQ learning algorithm for Problem (2) relies on a
filtering technique that removes outliers based on higher-order tensors.

Our lower bound technique also has implications for relatedinference problems, specifically for the
problem of robusttestingof an unknown mean Gaussian. Here we show an information-theoretic lower
bound which separates the sample complexity of the robust testing problem from its non-robust variant.
This result is surprising because such a separation does notexist for the corresponding learning problem.

http://arxiv.org/abs/1611.03473v1


1 Introduction

1.1 Background and Overview For the unsupervised estimation problems considered here,the input is
a probability distribution which is accessed via a samplingoracle, i.e., an oracle that provides i.i.d. samples
from the underlying distribution. Statistical Query (SQ) algorithms are a restricted class of algorithms that
are only allowed to query expectations of functions of the distribution rather than directly access samples.
This class of algorithms is quite broad: with the sole exception of Gaussian elimination over finite fields,
all known algorithmic approaches in machine learning can beimplemented in this model. These include
spectral techniques, moment methods, local search (e.g., Expectation Maximization), and many others (see,
e.g., [FGR+13] for a detailed discussion).

A number of techniques have been developed in information theory and statistics to characterize the
sample complexity of inference tasks. These involve both techniques for proving sample complexity upper
bounds (e.g., VC dimension, metric entropy) and information-theoretic lower bounds (e.g., Fano and Le Cam
methods). On the other hand, computational lower bounds have been much more scarce in the unsupervised
setting. Perhaps surprisingly, it is possible to proveunconditionallower bounds on the complexity ofany
SQ algorithm that solves a given learning problem. Given theubiquity and generality of SQ algorithms, an
SQ lower bound provides strong evidence of the problem’s computational intractability.

In this paper, we prove the firstStatistical Query lower boundsfor two fundamental learning tasks
involving high-dimensional Gaussian distributions: (1) learning Gaussian mixture models (GMMs), and (2)
robust (agnostic) learning of a single Gaussian. These problems are ubiquitous in applications across the data
sciences and have been intensely investigated by differentcommunities of researchers for several decades.
Our lower bounds show asuper-polynomial gapbetween the (information-theoretic) sample complexity and
the complexity ofanyStatistical Query algorithm for these problems, and are essentially tight. Specifically,
our lower bound for Problem (1) is qualitatively matched by known learning algorithms for GMMs (all
of which can be implemented as SQ algorithms). For Problem (2), we give a new SQ algorithm whose
running time nearly matches our lower bound. Both our SQ lower bounds are attained via a unified moment-
matching technique that may be useful in other contexts. Ourrobust SQ learning algorithm relies on a
filtering technique that removes outliers based on higher-order tensors.

Our lower bound technique also have implications for related inference problems, specifically for the
problem of robustly testing an unknown mean Gaussian. Here we show an information-theoretic lower
bound which separates the sample complexity of the robust testing problem from its non-robust variant.
This result is surprising because such a separation does notexist for the corresponding learning problem.

Before we discuss our contributions in detail, we provide the necessary background for the Statistical
Query model and the unsupervised estimation problems that we study.

Statistical Query Algorithms. A Statistical Query (SQ) algorithm relies on an oracle that given any
bounded function on a single domain element provides an estimate of the expectation of the function on
a random sample from the input distribution. This computational model was introduced by Kearns [Kea98]
in the context of supervised learning as a natural restriction of the PAC model [Val84]. Subsequently, the
SQ model has been extensively studied in a plethora of contexts (see, e.g., [Fel16b] and references therein).

A recent line work [FGR+13, FPV15, FGV15, Fel16a] developed a framework for SQ algorithms in the
context of search problems over distributions – encompassing the distribution estimation problems we study
in this work. It turns out that one can prove unconditional lower bounds on the complexity of SQ algorithms
via the notion ofStatistical Query dimension. This complexity measure was introduced in [BFJ+94] for PAC
learning of Boolean functions, and was recently generalized to the unsupervised setting [FGR+13, Fel16a].
A lower bound on the SQ dimension of a learning problem provides an unconditional lower bound on the
sample and computational complexity of any SQ algorithm forthe problem.
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Learning Gaussian Mixture Models. A mixture model is a convex combination of distributions of known
type. The most commonly studied case is a Gaussian mixture model (GMM). An n-dimensionalk-GMM
is a distribution inRn that is composed ofk unknown Gaussian components, i.e.,F =

∑k
i=1wiN(µi,Σi),

where the weightswi, mean vectorsµi, and covariance matricesΣi are unknown. The problem of learning
a GMM from samples has received tremendous attention in statistics, and, more recently, in TCS. A long
line of work initiated by Dasgupta [Das99, AK01, VW02, AM05,KSV08, BV08] provides computation-
ally efficient algorithms for recovering the parameters of aGMM under separability assumptions. More
recently, efficient parameter estimation algorithms have been obtained [MV10, BS10, HP15] under minimal
information-theoretic separation assumptions. The related problems of density estimation and proper learn-
ing have also been extensively studied [FOS06, SOAJ14, DK14, MV10, HP15]. In density estimation (resp.
proper learning), the goal is to output some hypothesis (resp. GMM) that is close to the unknown mixture
in total variation distance.

The sample complexity of density estimation (and proper learning) for n-dimensionalk-GMMs, up to
variation distanceǫ, is easily seen to bepoly(n, k, 1/ǫ) – without separation assumptions (see Appendix A).
For the problem of parameter estimation, the situation is somewhat more subtle: In full generality, the sample
complexity of parameter estimation inn dimensions is of the formpoly(n) · (1/γ)Ω(k), where the parameter
γ > 0 quantifies the separation between the components. In fact, even for the1-dimensional setting, one
can construct [MV10, HP15] information-theoretic sample complexity lower bounds of the form(1/γ)Ω(k).
On the other hand, such instances are pathological. If the components are nearly non-overlapping, i.e.,
when the total variation distance between any pair of components is very close to1, the aforementioned
information-theoretic impediment does not apply. Specifically, for nearly non-overlapping instances, the
sample complexity of parameter estimation can be shown to bepoly(n, k) as well (see Appendix B).

In summary, the sample complexity of both variants of the learning problem is of the formpoly(n)f(k)
for an appropriate function ofk. On the other hand, the sample complexity and (hence) running time of
all known algorithms for either variant of the learning problem scales asng(k), for an appropriate function
g(k) ≥ k. This running time upper bound is super-polynomial in the sample complexity of the problem for
super-constant values ofk, and it is tight for these algorithms even for the case that the underlying GMM
has almost non-overlapping components. This raises the following natural question:

Question 1.1. Is there apoly(n, k)-time density estimation algorithm forn-dimensionalk-GMMs? Is there
a poly(n, k)-time parameter learning algorithm for nearly non-overlapping n-dimensionalk-GMMs?

Robust Learning of a Gaussian. In the preceding paragraphs, we were working under the assumption
that the unknown distribution generating the samples isexactlya mixture of Gaussians. The more general
setting ofrobust(or agnostic) learning – when our assumption about the modelis only approximatelytrue
– turns out to be significantly more challenging computationally. Specifically, until recently, even the basic
setting of robustly learning an unknown mean Gaussian with identity covariance matrix was poorly under-
stood. Without corruptions, this problem is straightforward: The empirical mean gives a sample-optimal
and computationally efficient estimator. Unfortunately, the empirical estimate is very brittle and fails in the
presence of corruptions.

The standard definition of agnostically learning a Gaussian(see, e.g., Definition 2.1 in [DKK+16b] and
references therein) is the following: Instead of drawing samples from a perfect Gaussian, we have access to a
distributionD that is promised to becloseto an unknown GaussianG, specificallyǫ-close, in total variation
distance. This is the only assumption about the distribution D, which may otherwise be arbitrary: theǫ-
fraction of “errors” can be adversarially selected. The goal of an agnostic learning algorithm is to output
a hypothesis distributionH that is as close as possible toG (or, equivalently,D) in variation distance. If
H is additionally required to be a Gaussian, the agnostic learning algorithm is called proper. Note that the
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minimum variation distance,dTV (H,G), information-theoretically achievable under these assumptions is
O(ǫ), and we would like to obtain a polynomial-time robust algorithm with this performance guarantee.

Agnostically learning a single high-dimensional Gaussianis arguablytheprototypical problem in robust
statistics [Hub64, HRRS86, HR09]. Early work in this field [Tuk75, DG92] studied the sample complexity
of the problem. Specifically, for the case of an unknown mean and known covariance Gaussian, the Tukey
median [Tuk75] guaranteesO(ǫ)-error withO(n/ǫ2) samples (see, e.g., [CGR15] for a simple proof). Since
Ω(n/ǫ2) samples are information-theoretically necessary – even inthe non-robust setting – the robustness
requirement does not change the sample complexity of this learning problem.

The computational complexity of agnostically learning a Gaussian is less understood. Until recently, all
known polynomial time estimators could only guarantee error of Θ(ǫ

√
n). Two recent works [DKK+16b,

LRV16] made a first step in designing robust polynomial-timeestimators for this problem. The results
of [DKK +16b] apply in the standard agnostic model described above; [LRV16] works in a weaker model,
where the noisy distributionD is of the form(1 − ǫ)G+ ǫN , whereN is an unknown distribution. For the
problem of robustly estimating an unknown mean GaussianN(µ, I), [LRV16] obtains an error guarantee of
O(ǫ

√
log n), while [DKK+16b] obtains errorO(ǫ

√
log(1/ǫ)), independent of the dimension1.

A natural and important open problem, put forth by these works [DKK+16b, LRV16], is the following:

Question 1.2.Is there apoly(n/ǫ)- time agnostic learning algorithm, with errorO(ǫ), for ann-dimensional
Gaussian?

High-dimensional Hypothesis Testing. So far, we have discussed the problem of learning an unknown
distribution that is promised to belong (exactly or approximately) in a given family (Gaussians, mixtures
of Gaussians). A related inference problem is that ofhypothesis testing[NP33, LR05]: Given samples
from a distribution in a given family, we want to distinguishbetween a null hypothesis and an alternative
hypothesis. Starting with [GR00, BFR+00], this broad question has been extensively investigatedin TCS
with a focus on discrete probability distributions. A natural way to solve a distribution testing problem is to
learn the distribution in question to good accuracy, and then check if the corresponding hypothesis is close to
one satisfying the null hypothesis. This testing-via-learning approach is typically suboptimal and the main
goal in this area is to obtain testers with sub-learning sample complexity.

In this paper, we study two natural hypothesis testing analogues of the high-dimensional learning prob-
lems discussed in the previous paragraphs. Specifically, westudy the sample complexity of (i)robustly
testing an unknown mean Gaussian, and (ii) testing a GMM.

To motivate (i), we consider arguably the most basic high-dimensional testing task: Given samples from
a GaussianN(µ, I), whereµ ∈ R

n is unknown, distinguish between the case thatµ = 0 versus‖µ‖2 ≥ ǫ.
(The latter condition is equivalent, up to constant factors, to dTV (N(µ, I), N(0, I)) ≥ ǫ.) The classical test
for this task is Hotelling’s T-squared statistic [Hot31], which is unfortunately not defined when the sample
size is smaller than the dimension [ZB96]. More recently, testers that succeed in the sub-linear regime have
been developed [SD08] (also see [ZB96, CQ10]). In Appendix C, we give a simple and natural tester for
this problem that usesO(

√
n/ǫ2) samples, and show that this sample bound is information-theoretically

optimal, up to constant factors.
Now suppose that our Gaussianity assumption about the unknown distribution is onlyapproximately

satisfied. Formally, we are given samples from a distribution F onR
n which is promised to be either (a) a

zero mean GaussianN(0, I), or (b) ǫ/100-close in total variation distance toN(µ, I), for an unknownµ ∈
R
n with ‖µ‖2 ≥ ǫ. Therobusthypothesis testing problem is to distinguish, with high constant probability,

1The algorithm of [LRV16] can be extended to work in the standard agnostic model, at the expense of an increased error
guarantee ofO(ǫ

√

log n log(1/ǫ)).
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between these two cases. Note that condition (b) implies that dTV (D,N(0, I)) = Ω(ǫ), and therefore the
two cases are distinguishable.2

Robust hypothesis testing is of fundamental importance andhas been extensively studied in robust
statistics [HR09, HRRS86, Wil97]. Perhaps surprisingly, it is poorly understood in the most basic settings,
even information-theoretically. Specifically, the samplecomplexity of our aforementioned robust mean
testing problem has remained open. It is easy to see that the natural tester of Appendix C fails in the robust
setting. On the other hand, the testing-via-learning approach implies a sample upper bound ofO(n/ǫ2) for
our robust testing problem – by using, e.g., the Tukey median. This discussion raises the following natural
question:

Question 1.3. Is there aninformation-theoreticgap between robust testing and non-robust testing? What is
the sample complexity ofrobustlytesting the mean of a high-dimensional Gaussian?

We conclude with our hypothesis testing problem regarding GMMs: Given samples from a distributionF on
R
n, we want to distinguish between the case thatF = N(0, I), orF is ak-mixture

∑
iwiN(µi,Σi). This is

a natural high-dimensional testing problem that we believemerits investigation in its own right. The natural
open question here is where there exists a tester for this problem with sub-learning sample complexity.

1.2 Our Results The main contribution of this paper is a general technique toprove lower bounds for
a number of high-dimensional estimation problems involving Gaussian distributions. We use analytic and
probabilistic ideas to construct families of hard instances for the high-dimensional estimation problems de-
scribed in Section 1.1. Using our technique, we prove strongStatistical Query (SQ) lower bounds that
answer Questions 1.1 and 1.2 in the negative for the broad class of SQ algorithms3. As an additional impor-
tant application of our technique, we obtain information-theoretic lower bounds on the sample complexity
of the corresponding testing problems. (We note that our testing lower bounds apply toall algorithms.)
Specifically, we answer Question 1.3 in the affirmative, by showing that the robustness requirement makes
the Gaussian testing problem information-theoretically harder.

In the body of this section, we state our results and elaborate on their implications and the connections
between them. Our first main result is a lower bound ofnΩ(k) on the complexity of any SQ algorithm that
learns an arbitraryn-dimensionalk-GMM to constant accuracy (see Theorem 4.1 for the formal statement):

Theorem 1.1 (SQ Lower Bound for Learning GMMs). Any SQ algorithm that learns an arbitraryn-
dimensionalk-GMM to constant accuracy, for alln ≥ k8, requires2n

Ω(1) ≥ nΩ(k) queries to an SQ
oracle of precisionn−O(k).

Theorem 1.1 establishes asuper-polynomial gapbetween the information-theoretic sample complexity of
learning GMMs and the complexity ofanySQ learning algorithm for this problem. It is worth noting that
our hard instance is a family of high-dimensional GMMs whosecomponents arealmost non-overlapping.
Specifically, for each GMMF =

∑k
i=1 wiN(µi,Σi) in the family, the total variation distance between any

pair of Gaussian components can be made as large as1− 1/poly(n, k). More specifically, for our family of
hard instances, the sample complexity of both density and parameter learning isO(k · log n), while any SQ
algorithm takes at leastnΩ(k) time.

At a conceptual level, Theorem 1.1 implies that – as far as SQ algorithms are concerned – the compu-
tational complexity of learning high-dimensional GMMs is inherently exponentialin the dimension of the
latent space– even though there is no such information-theoretic barrier in general. Our SQ lower bound

2Robust testing should not be confused with tolerant testing, where the completeness is relaxed. In our context, tolerant testing
corresponds to distinguishing betweendTV (D,N(0, I)) ≤ ǫ/2 versusdTV (D,N(0, I)) ≥ ǫ, whereD = N(µ, I), and is easily
seen to be solvable withO(

√
n/ǫ2) samples as well.

3We remind the reader that all known algorithmic techniques for learning problems, with the exception of Gaussian elimination
over finite fields, are SQ or can be made SQ.
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identifies a common barrier of all known algorithmic approaches for this learning problem, and provides a
rigorous explanation as to why algorithmic research on thisfront either relied on strong separation assump-
tions or resulted in runtimes of the formnΩ(k).

Our second main result concerns the agnostic learning of a singlen-dimensional Gaussian. Our lower
bound applies even for the easier problem of agnostically learning a Gaussian with unknown mean vector
and identity covariance. Roughly speaking, we show that anySQ algorithm that solves this learning problem
to accuracyO(ǫ) has complexitynΩ(log1/4(1/ǫ)). We show (see Theorem 5.1 for a more detailed statement):

Theorem 1.2(SQ Lower Bound for Robust Learning of Unknown Mean Gaussian). Letǫ > 0, 0 < c ≤ 1/2,
andn ≥ poly(log(1/ǫ)). Any SQ algorithm that robustly learns ann-dimensional GaussianN(µ, I), within
total variation distanceO(ǫ log(1/ǫ)1/2−c), requiresnΩ(log(1/ǫ)c/2) queries to an SQ oracle of precision
n−Ω(log(1/ǫ)c/2).

Some comments are in order. First, Theorem 1.2 shows aquasi-polynomial gapbetween the sample com-
plexity of agnostically learning an unknown mean Gaussian and the complexity of SQ learning algorithms
for this problem. As mentioned in the introduction,O(n/ǫ2) samples information-theoretically suffice to
agnostically learn the mean to within errorO(ǫ). Second, the robust learning algorithm of [DKK+16b]
runs inpoly(n, 1/ǫ) time, can be implemented in the SQ model, and achieves errorO(ǫ

√
log(1/ǫ)) for

this problem. As a consequence of Theorem 1.2, we obtain thatthe O(ǫ
√

log(1/ǫ)) error guarantee of
the [DKK+16b] algorithm is in fact best possible among all polynomial-time SQ algorithms.

Roughly speaking, our above theorem shows that any SQ algorithm that solves the (unknown mean
Gaussian) robust learning problem to accuracyO(ǫ) needs to have sample complexity and running time at

leastnΩ(log1/4(1/ǫ)), i.e.,quasi-polynomialin 1/ǫ. An immediate open problem is whether this lower bound
can be improved. Perhaps surprisingly, we show that our lower bound is qualitatively tight, by designing an

SQ algorithm that usesOǫ(n
√

log(1/ǫ)) SQ queries of inverse quasi-polynomial precision. Moreover, we can
turn this SQ algorithm into an algorithm in the sampling oracle model with similar sample complexity and
running time. Specifically, we show (see Theorem 7.7 and Corollary 7.8):

Theorem 1.3 (SQ Algorithm for Robust Learning of Unknown Mean Gaussian). Let D be such that

dTV (D,N(µ, I)) ≤ ǫ for an unknownµ ∈ R
n. There is an SQ algorithm that usesOǫ(n

O(
√

log(1/ǫ))) sta-

tistical queries toD of precisionǫ/nO(
√

log(1/ǫ)), and outputs̃µ ∈ R
n such thatdTV (N(µ̃, I), N(µ, I)) ≤

O(ǫ). The SQ algorithm can be turned into an algorithm (in the sample model) with the same error guar-

antee that has sample complexity and running timeOǫ(n
O(
√

log(1/ǫ))).

Theorems 1.2 and 1.3 give a qualitatively tight characterization of the complexity of robustly learning
an unknown mean Gaussian in the standard agnostic model, where the noisy distributionD is such that
dTV (D,N(µ, I)) ≤ ǫ. Equivalently,D satisfies(1 − ǫ1)D + ǫ1N1 = (1 − ǫ2)N(µ, I) + ǫ2N2, where
N1, N2 are unknown (arbitrary) distributions andǫ1 + ǫ2 ≤ ǫ. A weaker error model, considered in the
statistics literature [Hub64, HRRS86, HR09], prescribes that the noisy distributionD is of the formD =
(1 − ǫ)N(µ, I) + ǫN , whereN is an unknown distribution. Intuitively, the difference isthat in the former
model the adversary is allowed to subtract good samples and add corrupted ones, while in the latter it is only
allowed to add corrupted ones.

We note that the lower bound of Theorem 1.2 does not apply for the weaker model of corruptions.
This holds for a reason: Concurrent work of the authors with Kamath, Li, and Moitra [DKK+16a] gives
a poly(n/ǫ) time robust algorithm withO(ǫ) error in the weak model. Hence, as a consequence, we es-
tablish an interesting separation between these two natural models of corruptions. We provide an intuitive
justification in Section 1.3.
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We now turn to our information-theoretic lower bounds on thesample complexity of the corresponding
high-dimensional testing problems. For the robust Gaussian mean testing problem, we show (see Theo-
rem 6.2 for a more detailed statement):

Theorem 1.4(Sample Complexity Lower Bound for Robust Testing of Unknown Mean Gaussian). For any
constantc > 0, there is a constantǫ > 0 such that the following holds: Any algorithm with sample access
to a distributionD on R

n which satisfies either (a)D = N(0, I) or (b) dTV (D,N(µ, I)) ≤ ǫ/100, and
‖µ‖2 ≥ ǫ, and distinguishes between the two cases with probability at least2/3 requiresΩ(n1−c) samples.

As stated in the Introduction, without the robustness requirement, for any constantǫ > 0, the Gaussian
mean testing problem can be solved withOǫ(

√
n) samples. Hence, the conceptual message of Theorem 1.4

is that robustness makes the Gaussian mean testing probleminformation-theoreticallyharder. In particular,
the sample complexity of robust testing is essentially as hard as that of the corresponding learning problem,
which can be solved withO(n) samples. Theorem 1.4 can be viewed as a surprising fact because it implies
that the effect of robustness can be very different for testing versus learningof the same distribution family.
Indeed, recall that the sample complexity of robustly learning anǫ-corrupted unknown mean Gaussian, up
to errorO(ǫ), isO(n/ǫ2) – i.e., the same as in the noiseless case.

As a final application of our techniques, we show a sample complexity lower bound for the problem of
testing whether a GMM is close to a Gaussian (see Theorem 6.4 for the detailed statement):

Theorem 1.5(Sample Complexity Lower Bound for Testing a GMM). Any algorithm with sample access
to a distributionD onR

n which satisfies either (a)D = N(0, I), or (b) D =
∑

iwiN(µi,Σi), where the
components ofD are almost non-overlapping, and distinguishes between thetwo cases with probability at
least2/3 requiresΩ(n1−5/(4k−2)) samples.

An interesting open question is whether there exists a tester for the above task that uses fewer samples
than the sample-optimal learning algorithm.

1.3 Our Approach and TechniquesIn this section, we provide a detailed outline of our approach and
techniques in tandem with a high-level sketch of our proofs.The structure of this section is as follows:
We start by describing our Generic Lower Bound Construction, followed by its two specific instantiations
for the problems of Learning GMMs and Robustly Learning an Unknown Mean Gaussian. We continue
with our Sample Complexity Testing Lower Bounds, which relyon essentially the same hard instances. We
conclude with a detailed sketch of our nearly-matching SQ Algorithm for Robustly Learning an Unknown
Mean Gaussian.

Generic Lower Bound Construction. The main idea of our lower bound construction is quite simple: We
construct a family of distributionsD that are standard Gaussians in all but one direction, but aresomewhat
different in the remaining direction (Definition 3.1). Effectively, we are hiding the interesting information
about our distributions in this unknown choice of direction. By exploiting the simple fact that it is possible
to find exponentially many nearly-orthogonal directions (Lemma 3.8), we show that any SQ algorithm with
insufficient precision needs many queries in order to learn the distribution in question.

To prove our generic SQ lower bound, we bound from below the SQ-dimension of our hard family of
distributions. Roughly speaking, the SQ-dimension of a distribution family (Definition 2.12) corresponds to
the number of nearly uncorrelated distributions (with respect to some fixed distribution) in the family (see
Definitions 2.10 and 2.11). It is known that a lower bound on the SQ-dimension implies a corresponding
lower bound on the number and precision of queries of any SQ algorithm (see Lemma 2.13).

At this point, we describe our lower bound instances more concretely. Given a distributionA on the real
line, we produce a family of high-dimensional distributions Pv(x), for v a unitn-dimensional vector. The
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distributionPv gives a copy ofA in thev-direction, while being an independent standard Gaussian in the
orthogonal directions. Our hard family of instances will bethe setD = {Pv | v ∈ Sn}.

For the sake of the intuition, we make two observations aboutthis construction. First, we note that
if A andN(0, 1) have substantially different moments of degree at mostm, for somem, thenPv and
N(0, I) can be easily distinguished by comparing theirmth moment tensors. Since these tensors can be
approximated in approximatelynm queries (and time), the aforementioned construction will necessarily fail
unless the low-order moments ofA match the corresponding low-order moments ofG. We show that, aside
from some mild technical conditions (see Condition 3.2), this moment-matching condition is essentially
sufficient for our purposes. If the degree at mostm tensors agree, we need to approximate tensors of degree
m + 1. Intuitively, in order to extract useful information from these higher degree tensors, one needs to
approximate essentially all of thenm+1 many such tensor entries. Second, a natural approach to distinguish
betweenPv andN(0, I) would be via random projections. As a critical component of our proof, we show
(see Lemma 3.5) that a random projection ofPv will be exponentially close toN(0, 1) with high probability.
Therefore, a random projection-based algorithm would require exponentially many random directions until
it found a good one.

We now proceed with a somewhat more technical description ofour proof. To bound from below the
SQ-dimension of our hard family of distributions, we proceed as follows: The definition of the pairwise
correlation implies we need to show that

∫
PvPv′/G ≈ 1, whereG ∼ N(0, I) is the Gaussian measure,

for any pair of unit vectorsv, v′ that are nearly orthogonal. By construction of the distributions Pv,Pv′ ,
it follows that in the directions perpendicular to bothv andv′, the relevant factors integrate to1. Letting
y = v · x andz = v′ · x and lettingy′, z′ be the orthogonal directions toy andz, we need to consider the
integral ∫

A(y)A(z)G(y′)G(z′)/G(x) .

Fixing y, and integrating over the orthogonal direction, we get
∫

A(y)/G(y)

∫
A(z)G(z′)dy′ .

Now, if v andv′ are (exactly) orthogonal,z = y′ and the inner integral equalsG(y). When this is not the
case, theA(z) term is not quite vertical and theG(z′) term not quite horizontal, so instead what we get is
only nearlyGaussian. In general, the inner integral is equal to

Uv·v′A(y) ,

whereUt is the member of the Ornstein–Uhlenbeck semigroup,Utf(z) = E[f(tz+
√
1− t2G)]. We would

like to show that this quantity is close to a Gaussian, whenv · v′ is close to0 (see Lemma 3.4).
The core idea of the analysis relies on the fact thatUtA is a smeared out version ofA. As such, it

only keeps the most prominent features ofA, namely its low-order moments. In fact, we are able to show
that if A andG agree in their firstm moments, thenUtA is Om(tm)-close to a Gaussian (see Lemma 3.5),
and thus the integral in question isOm((|v · v′|)m)-close to1. This intuition is borne out in a particularly
clean way by writingA/G in the basis of Hermite polynomials. The moment-matching condition implies
that the decomposition involves none of the Hermite polynomials of degrees1 throughm. However, the
Ornstein–Uhlenbeck operator,Ut, is diagonalized by the basisHnG with eigenvaluetn. Thus, ifA−G can
be written in this basis with no terms of degree less thanm, applyingUt decreases the size of the function
by a multiple of approximatelytm.

Since, we are able to pack2Ω(nc) unit vectorsv onto then-sphere so that their pairwise inner products
are at mostnc−1/2 (see Lemma 3.8), we obtain a lower bound on the SQ-dimension of our hard family
of distributions. In particular, in order to learn the distribution Pv , for the unknownv, any SQ algorithm
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requires either2Ω(nc) queries, or queries of accuracy better thannm(c−1/2). This completes the proof sketch
of our generic construction.

In our two applications, we can construct one-dimensional distributionsA satisfying the necessary
moment-conditions form taken to be super-constant, thus obtaining super-polynomial SQ lower bounds.
In the following two paragraphs, we explain how we apply the aforementioned framework to bound the SQ
dimension for: (i) learningn-dimensionalk-GMMs to constant accuracy, and (ii) robustly learning a single
ǫ-corrupted GaussianN(µ, I) to accuracyO(ǫ). In both cases, it suffices to construct a distributionA on
the real-line that satisfies the necessary moment-matchingconditions such that the high-dimensional family
D = {Pv | v ∈ Sn} is ak-GMM for (i), and anǫ-corrupted Gaussian for (ii).

SQ Lower Bound for Learning k-GMMs. The properties of our one-dimensional distributionA are
summarized in Proposition 4.2. Specifically, we construct adistribution A on the real line that is ak-
mixture of one-dimensional “skinny” Gaussians,Ai, that agrees withN(0, 1) on the firstm = 2k − 1
moments (condition (i)). For technical reasons, we requirethat the chi-squared divergence ofA to N(0, 1)
is bounded from above by an appropriate quantity (condition(iv)). The Gaussian components,Ai, have the
same variance and appropriately bounded means (condition (ii)). We can also guarantee that the components
Ai are almost non-overlapping (condition (iii)). This guarantees that the corresponding high-dimensional
distributionsPv,P

′
v will be at constant total variation distance from each otherwhen the directionsv, v′ are

nearly orthogonal, and moreover their means will be sufficiently separated.
To establish the existence of a distributionA with the above properties, we proceed in two steps: First,

we construct (Lemma 4.3) a discrete one-dimensional distribution B supported onk points, lying in an
O(

√
k) length interval, that agrees withN(0, 1) on the firstk moments. The existence of such a distribution

B essentially follows from standard tools on Gauss-Hermite quadrature. The distributionA is then obtained
(Corollary 4.4) by adding a zero-mean skinny Gaussian to an appropriately rescaled version ofB. Additional
technical work (Lemmas 4.5 and 4.6) gives the other conditions.

Our family of hard high-dimensional instances will consistof GMMs that look like almost non-overlapping
“parallel pancakes” and is reminiscent of the family of instances considered in [BV08]. For the case ofk = 2
components, consider a2-GMM where both components have the same covariance that is far from spherical,
the vector between the means is parallel to the unit eigenvector with smallest eigenvalue, and the distance
between the means is a large multiple of the standard deviation in this direction (but a small multiple of
that in the orthogonal direction). This family of instanceswas considered in [BV08] who gave an efficient
spectral algorithm to learn them.

Our lower bound construction can be thought of ask “parallel pancakes” in which the means lie in a
one-dimensional subspace, corresponding to the smallest eigenvalue of the identical covariance matrices of
the components. Alln − 1 orthogonal directions will have an eigenvalue of1, which is much larger than
the smallest eigenvalue. In other words, for each unit vector v, thek-GMM Pv will consist ofk “skinny”
Gaussians whose mean vectors all lie in the direction ofv. Moreover, each pair of components will have
total variation distance very close to1 and their mean vectors are separated byΩ(1/

√
k).

SQ Lower Bounds for Robustly Learning Unknown Mean Gaussian. To design robust algorithms for
the agnostic model, there are two types of adversarial noiseto handle:subtractive noise– corresponding
to the good samples removed by the adversary – andadditive noise– corresponding to the bad points
added by the adversary. The approach of [DKK+16b] does not do anything to address subtractive noise,
but it is shown that this type of noise can incur “small” error, namely at mostO(ǫ

√
log(1/ǫ)). For additive

noise, [DKK+16b] uses the maximum eigenvalue–eigenvector pair of the covariance matrix to create a filter.
Achieving errorO(ǫ) in this model is hard for the following reason: the two types of noise can collude

so that the first few moments of the corrupted distribution are indistinguishable from those of a Gaussian
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whose mean vector has distanceΩ(ǫ
√

log(1/ǫ)) from the true mean.
To formalize this intuition, for our robust SQ learning lower bound, we construct a distributionA on

the real line that agrees withN(0, 1) on the firstm = log1/4(1/ǫ) moments and isǫ/100-close in total
variation distance toG′ = N(ǫ, 1) (see Proposition 5.2). We achieve this by takingA to be the Gaussian
N(ǫ, 1) outside its effective support, while in the effective support we add an appropriate degree-m univari-
ate polynomialp satisfying the appropriate moment conditions. By expressing this polynomial as a linear
combination of appropriately scaled Legendre polynomial,we can prove that itsL1 andL∞ norms within
the effective support ofG′ are much smaller thanǫ (see Lemma 5.11). This result is then used to bound
from above the distance ofA from G′, which gives our SQ lower bound.

Sample Complexity Testing Lower Bounds. Our sample complexity lower bounds follow from standard
information-theoretic arguments, and rely on the same lower bound constructions and correlation bounds
(i.e., bounds on

∫
PvPv′/G) established in our SQ lower bounds. In particular, we consider the problem of

distinguishing between the distributionG and the distributionPv for a randomly chosen unit vectorv ∈ Sn

usingN independent samples. LetG⊗N denote the distribution onN independent samples fromG, and
P⊗N

v the distribution obtained by picking a randomv and then takingN independent samples fromPv . If
it is possible to reliably distinguish between these cases,it must be the case that the chi-squared divergence
χ(P⊗N

v , G⊗N ) is substantially larger than1. This is
∫
v,v′,xi

∏N
i=1Pv(xi)Pv′(xi)/G(xi)dvdv

′dxi. Note
that after fixingv andv′ the above integral separates as a product, giving

∫

v,v′

(∫
Pv(x)Pv′ (x)/G(x)dx

)N

dvdv′ . (1)

Note that the inner integral was bounded from above by roughly (1 + (v · v′)m). By standard results,
(v ·v′) ≪ n−c except with probabilityexp(−Ω(n1−2c)). So ifk ≫ 1/c, the integrand of (1) is very close to
1. The integrand is only large (though it might beexp(O(N)) large) with probabilityexp(−n1−2c). Thus,
so long asN < n1−O(1)/m, we can expect to show that the chi-squared divergence is close to1, and thus
that this testing problem is impossible.

Algorithm for Robustly Learning an Unknown Mean Gaussian. We show that our SQ lower bound for
robustly learning the mean of a Gaussian has a nearly-matching upper bound. As our main positive result,
we give a robust SQ algorithm withO(ǫ)-error. Our algorithmic approach builds upon the filter-approach
of [DKK +16b], generalizing it to the more involved setting of higher-order tensors.

As is suggested by our SQ lower bounds, the obstacle to learning the mean robustly, is that there areǫ-
noisy Gaussians that areΩ(ǫ) in variation distance from a target GaussianG, and yet matchG in all of their
first O(log1/4(1/ǫ)) moments. For our algorithm to circumvent this difficulty, itwill need to approximate
all of thetth-moment tensors fort ≤ k = Ω(log1/4(1/ǫ)). Note that this already requiresnk queries.

The first thing we will need to show is thatk moments are enough, for an appropriate parameterk.
Because of our lower bound construction, we know thatk needs to be at leastΩ(log1/4(1/ǫ)). We in fact
show thatk = O(log1/2(1/ǫ)) suffices. Specifically, we prove a one-dimensional moment-matching lemma
(Lemma 7.1) establishing the following: If anǫ-noisy one-dimensional Gaussian approximately matches a
reference GaussianG in all of its firstk moments, wherek = O(log1/2(1/ǫ)) (i.e., quadratically larger than
our lower bound), then it must beO(ǫ)-close toG in variation distance. We note that it suffices to prove this
in the one-dimensional case, as we can just project onto the line between the means.

We now proceed to describe our algorithm: Using the algorithm from [DKK+16b], we start by learning
the true mean to errorO(ǫ

√
log(1/ǫ)). By translating, we can assume that the mean is this close to0. We

need to approximate the low-order moments of our target GaussianG′. This is complicated by the fact
that even a small fraction of errors can have a huge impact on the moments of the distribution. However,
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any large errors are easily detectable. In particular, if any tth moment tensor differs substantially from that
of the standard Gaussian, it will necessarily imply the presence of errors. In particular, it will allow us to
construct a polynomialp so thatE[p(X)] − E[p(G′)] (whereX is a noisy version ofG′) is much larger
than ǫ‖p(G′)‖2. If this is the case, then many of our errors,x, must havep(x) very far from the mean.
By standard concentration inequalities, this will allow usto identify these points as almost certainly being
errors. This in turn lets us build a filter to clean up our distributionX, making it closer toG′.

Repeatedly applying filters as necessary, we can reduce to the case where the higher-order moments of
X are close to the higher-order moments ofG. This will tell us that, in almost all directions, the firstk
moments ofX match the corresponding moments ofG. By our moment-matching lemma, this will imply
that the mean ofG′ is close to0 in these directions. We will then only need to approximate the mean of
the projection ofG′ onto the low-dimensional subspaceV in which these moments fail to match. This
approximation can be done in a brute force manner (in time exponential indim(V ), which is still relatively
small), completing the description of the algorithm.

1.4 Discussion and Open ProblemsThis work studies learning and testing high-dimensional structured
distributions. Distribution learning and testing are two of the most fundamental inference tasks in statistics
with a rich history (see, e.g., [NP33, BBBB72, DG85, Sil86, Sco92, DL01, LR05]) that date back to Karl
Pearson. The main criteria to evaluate the performance of anestimator are its sample complexity and its
computational complexity. Despite intensive investigation by several decades by different communities, the
(sample and/or computational) complexity of many learningand testing problems is still not well under-
stood, even for some surprisingly simple high-dimensionalsettings. In the past few decades, a long line
of work within TCS [KMR+94, Das99, FM99, AK01, VW02, CGG02, MR05, BV08, KMV10, MV10,
BS10, DDS12a, DDS12b, CDSS13, DDO+13, CDSS14a, CDSS14b, ADLS15, DDS15, DDKT16, DKS15,
DKS16a] has focused on designing efficient estimators in a variety of settings. We have already mentioned
the most relevant references for the specific questions we consider in Section 1.1.

With respect to computational lower bounds for unsupervised estimation problems, the most relevant
references are the works [FGR+13, FPV15, KV16] that show SQ lower bounds for the planted clique and
related planted-like problems. It should be noted that, beyond the fact that we also use the concept of
SQ dimension, our techniques are entirely different than theirs. Prior work by Feldman, O’Donnell, and
Servedio [FOS08] implicitly showed an SQ lower bound ofnΩ(log k) for the problem of learningk-mixtures
of product distributions over{0, 1}n. This was obtained by a straightforward reduction from the problem of
learningk-leaf decision trees overn Boolean variables. Our lower bound construction for learning GMMs
is entirely different from [FOS08] that relied on the obvious combinatorial structure of the discrete setting.
It should also be noted that our lower bound construction crucially exploits the structure of the covariance
matrices of the Gaussian components.

A related line of work establishes statistical-computational tradeoffs for sparse PCA [BR13a, BR13b,
MW15, WBS16], and sparse linear regression [ZWJ14] based onvarious hardness assumptions. An impor-
tant difference between these works and the SQ lower bounds of this paper is that the aforementioned sparse
problems are known to be tractable if we increase the sample size by a small polynomial factor (typically
quadratic) beyond the information-theoretic limit. In contrast, both our SQ lower bounds show asuper-
polynomialgap between the information-theoretic limit and the samplecomplexity of any SQ algorithm.

Finally, we remark that in the supervised setting of PAC learning Boolean functions, a number of hard-
ness results are known based on various complexity assumptions, see, e.g., [KKMS08, KS06, FGKP06,
KK14, DNS14, Dan16] for the problems of learning halfspacesand learning intersections thereof.

The main contribution of this paper is a technique that givesessentially tight SQ lower bounds for two
fundamental high-dimensional learning problems: learning GMMs and robustly learning a single Gaussian.
To the best of our knowledge, these are the first such lower bounds for high-dimensional distribution learning
problems in the continuous setting. As a consequence, we provide a rigorous explanation of the observed
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(super-polynomial) gap between the sample complexity of these problems and the best known algorithms.
Our work raises a number of interesting open questions. A natural open problem is to extend our

lower bound technique to broader families of high-dimensional distributions. More concretely, is there
an 2Ω(k)poly(n) SQ lower bound for learningk-mixtures ofn-dimensionalsphericalGaussians? Note
that ournk lower bound does not apply for the spherical case, as it crucially exploits the structure of the
covariance matrices. In fact, faster learning algorithms for the spherical case are known [SOAJ14], albeit
with exponential dependence on the numberk of components.

1.5 Organization The structure of this paper is as follows: In Section 2, we introduce basic notation,
definitions, and a number of useful facts that will be required throughout the paper. Our SQ lower bounds
are established in Sections 3–5. Specifically, in Section 3,we give our high-dimensional SQ lower bound
construction, assuming the existence of a one-dimensionaldensity satisfying the necessary conditions. In
Sections 4 and 5 we construct the appropriate one-dimensional densities for the problems of learning GMMs
and robustly learning an unknown Gaussian, respectively. Section 6 gives our testing sample complexity
lower bounds. Finally, in Section 7 we present our robust learning and testing algorithms.

2 Definitions and Preliminaries

2.1 Notation and Basic DefinitionsForn ∈ Z+, we denote by[n] the set{1, 2, . . . , n}. We will denote
by Sn the euclidean unit sphere inRn. If v is a vector, we will let‖v‖2 denote its Euclidean norm. IfM is
a matrix, we will let‖M‖2 denote its spectral norm, and‖M‖F denote its Frobenius norm.

Our basic object of study is the Gaussian (or Normal) distribution and finite mixtures of Gaussians:

Definition 2.1. Then-dimensionalGaussian distributionN(µ,Σ) with mean vectorµ ∈ R
n and covariance

matrixΣ ∈ R
n×n is the distribution with probability density function

f(x) = (2π)−n/2 det(Σ)1/2 exp

(
−1

2
(x− µ)TΣ−1(x− µ)

)
.

Definition 2.2. An n-dimensionalk-mixture of Gaussians(k-GMM) is a distribution onRn with probability
density function defined byF (x) =

∑k
j=1wjN(µj ,Σj), wherewj ≥ 0, for all j, and

∑k
j=1wj = 1.

Throughout the paper, we will make extensive use of the pdf ofthe standard one-dimensional Gaussian
N(0, 1), which we will denote byG(x).

Definition 2.3. The total variation distancebetween two distributions (with probability density functions)

P,Q : Rn → R+ is defined to bedTV (P,Q)
def
= (1/2) · ‖P −Q‖1 = (1/2) ·

∫
x∈Rn |P(x) −Q(x)|dx.

If X andY are random variables, their total variation distancedTV (X,Y ) is defined as the total variation
distance between their distributions.

The following simple fact bounds from above the total variation distance between two Gaussians with
identity covariance in terms of the Euclidean distance between their mean vectors:

Fact 2.4. For anyµ1, µ2 ∈ R
n, we have thatdTV (N(µ1, I), N(µ2, I)) ≤ 1

2‖µ2 − µ1‖2 .

2.2 Formal Problem Definitions We record here the formal definitions of the problems that we study.
Our first problem of interest is learning a mixture ofk arbitrary high-dimensional Gaussians:

Definition 2.5 (Density Estimation/Proper Learning of GMMs). Let Gn,k be the family ofn-dimensional
k-GMMs. The problem ofdensity estimationfor Gn,k is the following: Givenǫ > 0 and sample access to
an unknownP ∈ Gn,k, with probability9/10, output a hypothesis distributionH such thatdTV (H,P) ≤ ǫ.
The problem ofproper learningfor Gn,k is the same with the additional requirement thatH ∈ Gn,k.
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Our next problem is the question of robust (agnostic) learning of a Gaussian with unknown mean vector
and identity covariance matrix:

Definition 2.6 (Robust Learning of an Unknown Mean Gaussian). The problem of robust (agnostic) learning
of an unknown mean Gaussian is the following: Givenǫ > 0 and sample access to an unknown distribution
D with dTV (D,N(µ, I)) ≤ ǫ, whereµ ∈ R

n is unknown, output a hypothesis distributionH such that
dTV (H, N(µ, I)) is as small as possible.

Definition 2.7 (Robust Testing of an Unknown Mean Gaussian). The problem of robust (agnostic) test-
ing of an unknown mean Gaussian is the following: Givenǫ > 0 and sample access to an unknown dis-
tribution D with the promise that one of the following two cases is satisfied: (i) D = N(0, I), or (ii)
dTV (D,N(µ, I)) ≤ ǫ/100, where‖µ‖2 ≥ ǫ, the goal is to correctly distinguish between the two cases with
confidence probability2/3.

Definition 2.8 (Testing GMMs). The problem of robust (agnostic) testing of a GMM is the following:
Given ǫ > 0 and sample access to an unknown distributionD with the promise that one of the following
two cases is satisfied: (a)D = N(0, I), or (b) D is a k-GMM

∑
i wiN(µi,Σi) in R

n which satisfies
dTV (Pi,Pj) ≥ 1− ǫ, for all i 6= j, distinguish between the two cases with probability at least 2/3.

2.3 Basics on Statistical Query Algorithms over Distributions We begin by recording the necessary
definitions of Statistical algorithms for problems over distributions. All the definitions and facts in this
section are from [FGR+13]. We start by defining a general search problem over distributions.

Definition 2.9 (Search problems over distributions). Let D be a set of distributions overRn, let F be a set
of solutionsandZ : D → 2F be a map from a distributionD ∈ D to a subset of solutionsZ(D) ⊆ F that
are defined to be valid solutions forD. Thedistributional search problemZ overD andF is to find a valid
solutionf ∈ Z(D) given access to (an oracle or samples from) an unknownD ∈ D.

For general search problems over a distribution, we define SQalgorithms as algorithms that do not see
samples from the distribution but instead have access to an SQ oracle. We consider two types of SQ oracles
from the literature.

1. STAT(τ): For a tolerance parameterτ > 0 and any bounded functionf : Rn → [−1, 1], STAT(τ)
returns a valuev ∈ [Ex∼D[f(x)]− τ,Ex∼D[f(x)] + τ ].

2. VSTAT(t): For a sample size parametert > 0 and any bounded functionf : Rn → [0, 1], VSTAT(t)

returns a valuev ∈ [Ex∼D[f(x)]− τ,Ex∼D[f(x)] + τ ], whereτ = max

{
1
t ,

√
Varx∼D[f(x)]

t

}
,

whereVarx∼D[f(x)] = Ex∼D[f(x)] (1−Ex∼D[f(x)]).

The first oracle was defined by Kearns [Kea98] and the second was introduced in [FGR+13]. These oracles
are known to be polynomially equivalent [FGR+13]. Also note that these oracles can return any value within
the given tolerance, and therefore can make adversarial choices.

The main technical tool that allows us to prove unconditional lower bounds on the complexity of SQ
algorithms is an appropriate notion of Statistical Query (SQ) dimension. Such a notion was defined in the
context of PAC learning of Boolean functions in [BFJ+94], and subsequently generalized to search problems
over distributions in [FGR+13]. We will require the simpler definition from Section 3 of that work that relies
on pairwise correlations:

Definition 2.10 (Pairwise Correlation). The pairwise correlation of two distributions with probability den-
sity functionsD1,D2 : R

n → R+ with respect to a distribution with densityD : Rn → R+, where the sup-

port ofD contains the supports ofD1 andD2, is defined asχD(D1,D2)
def
=
∫
Rn D1(x)D2(x)/D(x)dx−1.

12



We remark that whenD1 = D2 in the above definition, the pairwise correlation is identified with the

χ2-divergence betweenD1 andD, i.e.,χ2(D1,D)
def
=
∫
Rn D1(x)

2/D(x)dx− 1.
We will also need the following definition:

Definition 2.11. We say that a set ofm distributionsD = {D1, . . . ,Dm} over Rn is (γ, β)-correlated
relative to a distributionD overRn if

|χD(Di,Dj)| ≤
{
γ if i 6= j

β if i = j.

We are now ready to define our notion of dimension:

Definition 2.12 (Statistical Query Dimension). For β, γ > 0, a search problemZ over a set of solutions
F , and a class of distributionsD overRn, let m be the maximum integer such that there exists a reference
distributionD overRn and a finite set of distributionsDD ⊆ D such that for any solutionf ∈ F , Df =
DD \ Z−1(f) is (γ, β)-correlated relative toD and|Df | ≥ m. We define thestatistical (query) dimension
with pairwise correlations(γ, β) of Z to bem and denote it bySD(Z, γ, β).

Our lower bounds proceed by bounding from below the statistical query dimension of the considered
distribution learning problems. The corresponding lower bounds on the complexity of SQ algorithms for
these problems are a corollary of the following result from [FGR+13]:

Lemma 2.13(Corollary 3.12 in [FGR+13]). Let Z be a search problem over a set of solutionsF and a
class of distributionsD overRn. For γ, β > 0, let m = SD(Z, γ, β). For anyγ′ > 0, any SQ algorithm
requires at leastm · γ′/(β − γ) queries to theSTAT(

√
γ + γ′) or VSTAT(1/(3(γ + γ′))) oracles to solve

Z.

3 Statistical Query Lower Bounds: From One Dimension to HighDimensions

Both our statistical query lower bounds are shown in two steps: We first construct a one-dimensional density
satisfying certain technical conditions, and then construct a high-dimensional distribution which is Gaussian
in all but one directions. The second step is the same for bothproblems that we consider. To formally define
it, we have the following construction:

Definition 3.1 (High-Dimensional Hidden Direction Distribution). For a distributionA on R with proba-
bility density functionA(x) and a unit vectorv ∈ R

n, consider the distribution overRn with probability
density function

Pv(x) = A(v · x) exp
(
−‖x− vTxv‖22/2

)
/(2π)(n−1)/2.

That is,Pv is the product distribution whose orthogonal projection onto the direction ofv isA, and onto the
hyperplane perpendicular tov is the standard(n− 1) dimensional normal distribution.

Condition 3.2. The distributionA on R is such that (i) the firstm moments ofA agree with the firstm
moments ofN(0, 1), and (ii)χ2(A,N(0, 1)) is finite.

Note that (ii) implies that the distributionA has a probability density function (pdf), which we will
denoteA(x). We will henceforth blur the distinction between a distribution and its pdf.

The main result of this section is the following:

Proposition 3.3. Given a distributionA that satisfies Condition 3.2, consider the set of distributions{Pv}v∈Sn ,
for n ≥ Ω(m8). For a givenǫ > 0, suppose thatdTV (Pv ,Pv′) > 2ǫ whenever|v · v′| is smaller than1/8.
Then, any SQ algorithm which, given access toPv(x) for an unknownv ∈ Sn, outputs a hypothesisQ
with dTV (Q,Pv) ≤ ǫ needs at least2n

2/15 ≥ nm queries toSTAT(O(n)−m/6
√

χ2(A,N(0, 1))) or to
VSTAT(O(n)m/3/χ2(A,N(0, 1))).
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The rest of this section is devoted to the proof of this proposition. In Section 3.1, we prove a correlation
bound which is the main technical ingredient for the proof. In Section 3.2, we show a simple packing for
unit vectors over the sphere and put the pieces together to complete the proof.

3.1 Main Correlation Lemma The main technical result of this section is the following:

Lemma 3.4. If A agrees with the firstm moments ofN(0, 1), then for allv, v′ ∈ Rn, we have that

χN(0,I)(Pv ,Pv′) ≤ |v · v′|m+1χ2(A,N(0, 1)) .

Note that we may assume thatχ2(A,N(0, 1)) is finite, otherwise the lemma statement is trivial. Hence,
we can henceforth assume that Condition 3.2 is satisfied. In particular the distributionsA, Pv andPv′ all
have probability density functions.

We first bound theχ2-divergence between the one-dimensional projection ofPv onto v′ andN(0, 1).
As well as being a critical component towards the proof of Lemma 3.4, this fact can be used to show that
random projections ofPv are close toN(0, 1) with high probability.

Lemma 3.5. LetQ be the distribution ofv′ ·X, for X ∼ Pv . Then, we have that

χ2(Q, N(0, 1)) ≤ (v · v′)2(m+1)χ2(A,N(0, 1)) .

Proof. Let θ be the angle betweenv andv′. Let x, y be orthogonal coordinates for the plane spanned byv
andv′, with thex-axis in thev′ direction. Note thatPv is a product of a distribution on this plane and a
standard Gaussian perpendicular to it. On this plane,Pv is a product ofA andN(0, 1). Thus, we have that

Q(x) =

∫

x:v′·x=x
Pv(x)dx

=

∫

y∈R
A(x cos θ + y sin θ)G(x sin θ − y cos θ)dy .

LetUθ be the linear operator that mapsf : R → R to
∫

y∈R
f(x cos θ + y sin θ)G(x sin θ − y cos θ)dy ,

so thatQ = Uθ(A). We will show that we can expandA as a linear combination of eigenfunctions ofUθ.
LetHei(x) denote thei-th (probabilists’) Hermite polynomial. We note that the functionsHei(x)G(x)/

√
i!,

for i ∈ N, are orthonormal with respect to the inner product〈f, g〉 =
∫
x∈R f(x)g(x)/G(x)dx. Indeed, by

using the fact that the Hermite functions, which can be written asHe(x)
√

G(x), are a complete orthonor-
mal family for L2(R), we get that any functionf : R → R such that

∫
R
f(x)g(x)/G(x)dx < ∞ is

almost everywhere equal to a linear combination of theseHei(x)G(x)/i!. Since
∫∞
−∞A(x)2/G(x)dx =

1 + χ2(A,N(0, 1)) is finite, we can write

A(x) =

∞∑

i=0

aiHei(x)G(x)/
√
i! .

Using the orthogonality ofHei(x) we can extract these coefficients, since

EX∼A

[
Hei(x)/

√
i!
]
=

∫

R

aiHei(x)
2G(x)/i!dx = ai .
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SinceA agrees with the firstm moments of the standard Gaussian, for0 ≤ i ≤ m, we have that

EX∼A[Hei(x)/
√
i!] = EX∼A[Hei(x)/

√
i!] = δi,0 .

This implies thata0 = 1 anda1, . . . , am = 0. Thus, we have

A(x) = G(x) +
∞∑

i=m+1

aiHei(x)G(x)/
√
i! . (2)

The orthonormality of these functions with respect to the inner product〈f, g〉 =
∫
R
f(x)g(x)/G(x)dx also

allows us to express theχ2-divergence in terms of these coefficients:

χ2(A,N(0, 1)) =

∫ ∞

−∞
(A(x) −G(x))2/G(x)dx

=

∫ ∞

−∞

( ∞∑

i=m+1

aiHei(x)G(x)/
√
i!

)2

/G(x)dx

=
∑

i=m+1

a2i .

Now we consider the effect ofUθ on this orthogonal family. From the definition ofUθ, we have

Uθ(HeiG)(x) =

∫ ∞

−∞
Hei(x cos θ + y sin θ)G(x sin θ − y cos θ)dy .

We can expand this2-variable polynomial as follows:

Claim 3.6.

Hei(x cos θ + y sin θ) =
i∑

j=1

(
i

j

)
cosj θ sini−j θHej(x)Hei−j(y) .

Proof. TheHei(x) are monic polynomials: the lead term isxi with coefficient1. Thus, all the degree-i
terms ofHei(x cos θ + y sin θ) are given by

(x cos θ + y sin θ)i
i∑

j=1

(
i

j

)
cosj θ sini−j θxjyi−j .

It follows that the degree-i terms of the LHS and RHS of the lemma agree. Therefore, we have

Hei(x cos θ + y sin θ) = p(x, y) +
i∑

j=1

(
i

j

)
cosj θ sini−j θHej(x)Hei−j(y) ,

for some polynomialp(x, y) of degree at mosti − 1. We need to show thatp(x, y) is identically zero. To
show this we considerE[Hei(X cos θ + Y sin θ)2], for (X,Y ) ∼ N(0, I). Since the Gaussian is unaltered
by rotations, by a change of coordinates we have that:

E[Hei(X cos θ + Y sin θ)2] =

∫ ∞

−∞

∫ ∞

−∞
Hei(x cos θ + y sin θ)2G(x)G(y)dxdy

=

∫ ∞

−∞

∫ ∞

−∞
Hei(x

′)2G(x′)G(y′)dx′dy′ = i! .
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However, pairs of distinctHej(x)Hei−j(y) are orthogonal to each other and they are all orthogonal to the
lower degree polynomialp(x, y). Thus, we have

E[Hei(X cos θ + Y sin θ)2] = E[p(X,Y )2] +

i∑

j=1

(
i

j

)2

cos2j θ sin2(i−j) θE[Hej(X)2Hei−j(Y )2]

= E[p(X,Y )2] +

i∑

j=1

(
i

j

)2

cos2j θ sin2(i−j) θi!(i− j)!

= E[p(X,Y )2] + i!

i∑

j=1

(
i

j

)
cos2j θ sin2(i−j) θ

= E[p(X,Y )2] + i!(cos2 θ + sin2 θ)i = E[p(X,Y )2] + i! .

We must therefore have thatE[p(X,Y )2] = 0. Since the Gaussian has positive pdf everywhere, this implies
thatp(X,Y ) is identically zero.

We can now show that convenientlyHei(x)G(x) is an eigenfunction ofUθ:

Corollary 3.7. We have that:

Uθ(HeiG)(x) = cosi(θ)Hei(x)G(x) .

Proof.

Uθ(HeiG)(x) =

∫ ∞

−∞
Hei(x cos θ + y sin θ)G(x cos θ + y sin θ)G(x sin θ − y cos θ)dy

=

∫ ∞

−∞
Hei(x cos θ + y sin θ)G(x)G(y)dy

=
i∑

j=1

(
i

j

)
cosj θ sini−j θ

∫ ∞

−∞
Hej(x)Hei−j(y)G(x sin θ − y cos θ)dy

= cosi θHei(x)G(x) ,

since
∫∞
−∞Hei−j(y)G(y)dy = δij .

We can now use these eigenfunctions and eigenvalues with equation (2) to get an expression forUθA:

UθA(x) = G(x) +

∞∑

i=m+1

ai cos
i θHei(x)G(x)/

√
i! ,

which can be used to express itsχ2-divergence:

χ2(UθA,N(0, 1)) =
∞∑

i=m+1

a2i cos
2i θ

≤ cos2(m+1) θ

∞∑

i=m+1

a2i

= cos2(m+1) θ · χ2(A,N(0, 1)) .

Recalling thatQ = UθA andcos θ = v · v′, this completes the proof of Lemma 3.5.
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Proof of Lemma 3.4.We first show that the correlation between the high-dimensional Pv andPv′ needed
for Lemma 3.4 can be reduced to a one-dimensional correlation.

Just as in the proof of Lemma 3.5, letθ = arccos(v ·v′) and letx, y be coordinates for the plane spanned
by v andv′ with thex-axis in thev′ direction. Each ofPv andPv′ is a product of a distribution on this plane
and a standard Gaussian perpendicular to it. On this plane, they are products ofA andN(0, 1) with different
rotations applied. Thus, we have that

χN(0,I)(Pv ,Pv′) + 1 =

∫

Rn

Pv(x)Pv′ (x)/G(x)dx

=

∫ ∞

−∞

∫ ∞

−∞
A(x)G(y)A(x cos θ + y sin θ)G(x sin θ − y cos θ)/G(x)G(y)dxdy

=

∫ ∞

−∞
A(x)/G(x) ·

∫ ∞

−∞
A(x cos θ + y sin θ)G(x sin θ − y cos θ)dydx

= 1 + χN(0,I)(A,UθA) .

Now we can use the Cauchy-Schwarz inequality to bound from above this correlation in terms of theχ2-
divergences of both distributions fromN(0, 1), one of which we can bound using Lemma 3.5:

χN(0,I)(A,UθA) =

∫ ∞

−∞
(A(x) −G(x))(UθA(x)−G(x))/G(x)dx

≤
√∫ ∞

−∞
(A(x) −G(x))2/G(x)dx ·

√∫ ∞

−∞
(UθA(x) −G(x))2/G(x)dx

=
√

χ2(A,N(0, 1))χ2(UθA,N(0, 1))

≤ cosm+1(θ) · χ2(A,N(0, 1) .

The proof of Lemma 3.4 is now complete.

3.2 Proof of Proposition 3.3We note that our distribution learning problem can be expressed as a search
problem in the sense of [FGR+13]. Consider the following search problemZ: find a distributionf given
samples fromPv for an unknown unit vectorv such thatdTV (Pv , f) ≤ ǫ. Thus, for us,F is the set of all
distributions onRn andD ⊆ F is the set ofPv for all unit vectorsv ∈ Sn. For a unit vectorv, Z(Pv) is
the set of all distributionsf such thatdTV (Pv , f) ≤ ǫ. For a distributionf onR

d, Z−1(f) is the set ofPv

such thatdTV (f,Pv) ≤ ǫ.
To prove a lower bound on the statistical dimension, we will takeD = N(0, I), D = {Pv : v ∈ S

n}
and construct a suitable finite setDD.

Lemma 3.8. There is a setS of at least2n
1/7

unit vectors such that forv, v′ ∈ S, |v · v′| ≤ O(n−1/3).

Proof. If we take |S| unit vectors at random uniformly from the unit sphere inn dimensions, then this
happens with positive probability. We use the following lemma:

Lemma 3.9(Proposition 1 from [CFJ13]). Given any0 < ǫ < π/2, let θ be the angle between two random
unit vectors uniformly distributed overSn. Then we have that:

Pr[|θ − π/2| ≥ ǫ] ≤ O(
√
n(cos ǫ)n−2).

As a corollary, we have:
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Corollary 3.10. Let θ be the angle between two random unit vectors uniformly distributed overSn. Then
we have that:

Pr[| cos θ| ≥ Ω(n−α)] ≤ exp
(
−Ω(n1−2α)

)
,

for any0 ≤ α ≤ 1/2.

Proof. We apply Lemma 3.9 withǫ = n−α. If n−α = O(1), the result is trivial, so we may assume that
ǫ ≤ 1/100. Then we have:

cos ǫ ≤ 1− ǫ2/2 + ǫ2/24

≤ 1− ǫ2/3

≤ exp(ǫ2/4) .

Lemma 3.9 now gives that

Pr[|θ − π/2| ≥ n−c] ≤ O(
√
n(exp(−n−2α/4)n−2) ≤ exp(−n1−2α/5) .

Note that if|θ − π/2| ≥ n−α], | cos θ| ≤ |θ − π/2| ≤ 1/n−α.

By a union bound, the probability thatv, v′ ∈ S have|v, v′| ≤ O(n−1/3) is

|S|22−Ω(n1/3) = 2n
2/7−Ω(n1/3) < 1 ,

for n = Ω(1). Forn = O(1), the result is trivial since then|v · v′| ≤ 1 ≤ O(n−1/3).

Proof of Proposition 3.3.We takeS to be as in Lemma 3.8. LetDD be the set ofPv for v ∈ S. Then, by
Lemma 3.4, we have that, forv, v′ ∈ S with v 6= v′, it holds

χN(0,I)(Pv ,Pv′) ≤ |v · v′|mχ2(A,N(0, 1)) = Ω(n)−m/3χ2(A,N(0, 1)) .

If v = v′, thenχN(0,I)(Pv ,Pv) = χ2(Pv , N(0, I)) = χ2(A,N(0, 1)). We thus have thatDD is

(Ω(n)−m/3χ2(A,N(0, 1)), χ2(A,N(0, 1)))

correlated with respect toD = N(0, I).
SincedTV (Pv ,Pv′) > 2ǫ for distinct v and v′ in S, for any distributionf over Rn, we have that

Z−1(f) = {Pv : v ∈ S anddTV (Pv, f) ≤ ǫ} has|Z−1(f)| ≤ 1 using the triangle inequality fordTV . We
thus have thatDD \ Z−1(f) is

(Ω(n)−m/3χ2(A,N(0, 1)), χ2(A,N(0, 1)))

correlated with respect toD = N(0, I), and|DD \ Z−1(f)| ≥ |S| − 1 = Ω(2n
1/7

). That is,

SD(Z,Ω(n)−m/3χ2(A,N(0, 1)), χ2(A,N(0, 1))) ≥ Ω(2n
1/7

) .

If we apply Lemma 2.13 withγ = Ω(n)−m/3χ2(A,N(0, 1)) andγ′ = Ω(n−m/3)χ2(A,N(0, 1)), we obtain
that it requires at leastΩ(2n

1/7
n−m/3) calls to the

STAT(O(n)−m/6
√

χ2(A,N(0, 1)))

or
VSTAT(O(n)m/3/χ2(A,N(0, 1)))

oracle to solveZ. Sincen ≥ 2(4m log2 n/3)
7, we have that it needs at least2n

2/15 ≥ nm calls. This
completes the proof.
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4 SQ Lower Bound for Learning Gaussian Mixtures

The main result of this section is the following:

Theorem 4.1. Fix 0 < ǫ < 1. Any SQ algorithm that given SQ access to a mixtureP of k Gaussians
N(µ1,Σ1), . . . , N(µk,Σk) in R

n, for n ≥ Ω(k8 log(1/ǫ)3), which are promised to havedTV (Pi,Pj) ≥
1− ǫ, for all i 6= j, and moreover satisfy

max

{
max
i,j

‖µi − µj‖2,max
i

‖Σi‖1/22

}
≤ poly(n, k, log(1/ǫ))

(
min
i

1/‖Σ−1
i ‖1/22

)
,

outputs a distributionQ with dTV (P,Q) ≤ 1/2, needs at least2n
2/15 ≥ nk calls toSTAT

(
O(n)−k/6

)
or

toVSTAT
(
O(n)k/3

)
.

We remark that the technical condition in the above theorem (i.e., that the distances between the means
and the largest and smallest eigenvalues of any covariance matrix are bounded) is required so that an SQ
algorithm with a bounded number of SQ queries (in the worst case) is possible.

The proof follows from the results of the previous section and the following proposition:

Proposition 4.2. For anyǫ > 0, there exists a distributionA that is a mixture ofk GaussiansAi, 1 ≤ i ≤ k,
that satisfies the following conditions:

(i) A agrees withN(0, 1) on the first2k − 1 moments.

(ii) A is a mixture of Gaussians each with varianceΘ
(

1
k2 log(k+1/ǫ)

)
and means of magnitudeO(

√
k).

(iii) It holds dTV (Ai, Aj) ≥ 1− ǫ, for all i 6= j.

(iv) We haveχ2(A,N(0, 1)) ≤ O(exp(O(k)) log(1/ǫ)).

(v) In the high-dimensional construction, we havedTV (Pv ,Pv′) ≥ 1/2 whenever|v · v′| ≤ 1/2.

Given the proposition, the proof of the theorem is easy.

Proof of Theorem 4.1.First note that the distributionA given by Proposition 4.2, satisfies Condition 3.2 for
m = 2k − 1. By Proposition 3.3, any algorithm that is given SQ access toPv, for an unknownv ∈ Sn, and
outputs a distributionQ with dTV (P,Q) ≤ ǫ, needs at least2n

2/15 ≥ nk calls to

STAT
(
O(n)−(2k−1)/6/(exp(O(k))

√
log(1/ǫ))

)

or to
VSTAT

(
O(n)(2k−1)/3/(exp(O(k)) log(1/ǫ))

)
.

For n = Ω(1 + log(1/ǫ)3), we havenk−1 ≥ nk/2 ≥ exp(O(k)) log(1/ǫ)3, and so we need precision
O(n)−k/6 for STAT or O(n)k/3 for VSTAT.

It remains to show thatPv is a mixture ofk Gaussians that satisfies the necessary conditions. Note that
Pv, when expressed in an appropriate basis, is a product of the mixture of k univariate Gaussians and the
standard(n − 1)-dimensional normal distribution. The product of two Gaussians is a Gaussian. IfA is a
mixture ofk Gaussians,N(µ′

i, δ) with weightwi, thenPv is a mixture ofk GaussiansN(vµ′
i, I−(1−δ)vvT )

with weightswi. Indeed, we have that

dTV

(
N(vµ′

i, I − (1− δ)vvT ), N(vµ′
j , I − (1− δ)vvT )

)
= dTV

(
N(µ′

i, δ), N(µ′
j , δ)

)
≥ 1− ǫ ,
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by Proposition 4.2 (iii). Also, we have that

max
{
maxi,j ‖µi − µj‖2,maxi ‖Σi‖1/22

}

(
mini 1/‖Σ−1

i ‖1/22

) =
max {maxi,j ‖µi − µj‖2, 1}

δ
≤ O(

√
k/δ) ≤ poly(k log(1/ǫ)) .

The proof of the proposition is deferred to the following subsection.

4.1 Proof of Proposition 4.2We start with the following lemma:

Lemma 4.3. There is a discrete distributionB on the real line, supported onk points, that agrees with
N(0, 1) on the first2k − 1 moments. All pointsx in the support ofB have|x| = O(

√
k).

Proof. This mostly follows from standard techniques for Gaussian quadrature. Given a (possibly infinite)
interval [a, b], a weighting functionω(x), and an integerk > 0, we can findxi andwi for 1 ≤ i ≤ k such
that ∫ b

a
ω(x)p(x)dx =

k∑

i=1

wip(xi) ,

for all polynomialsp(x) of degree at most2k − 1. The Gauss-Hermite quadrature is a standard implemen-
tation of this on the interval(−∞,∞) with ω(x) = e−x2

. Here, we take thexi’s to be the roots of thek-th

(physicist’s) Hermite polynomialHk(x). Then, we have thatwi =
2k−1k!

√
π

k2Hk−1(xi)2
.

We would like to takeω(x) = G(x) := 1√
2π
e−x2/2, the pdf ofN(0, 1). To do this, we need to rescale

the abovewi andxi, and use the probabilist’s Hermite polynomialsHek(x) := 2−k/2Hk(x/
√
2). We claim

that we can take thexi’s to be the roots ofHek(x) andwi =
k!

k2Hek−1(xi)2
. Indeed, we have

k∑

i=1

wip(xi) =
k∑

i=1

k!

k2Hek−1(xi)2
p(xi)

=

k∑

i=1

2k−1k!
√
π

k2Hk−1(
√
2xi)2

· 1√
π
· p(

√
2xi)

=
1√
π

∫ ∞

−∞
p(
√
2y)e−y2dy

=
1√
π

∫ ∞

−∞
p(x)e−x2/2/

√
2dx

=

∫ ∞

−∞
p(x)G(x)dx ,

for all polynomialsp(x) of degree at most2k − 1.

Note that all the weights are nonnegative, since from the definition wi =
2k−1k!

√
π

k2Hk−1(xi)2
. Also note that

∑k
i=1wi =

∫∞
−∞ 1 ·G(x) = 1. We takeA to be the probability distribution with probabilitywi of beingxi,

for each1 ≤ i ≤ k. Then we have

EX∼B[X
j ] =

k∑

i=1

wix
j
i =

∫ ∞

−∞
xjG(x)dx = EX∼N(0,1)[X

j ] ,
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for all integers1 ≤ j ≤ k.
It is known (see, e.g., [Sze89]) that all roots ofHk(x) have absolute valueO(

√
k), and so all roots of

Hek. Hence, all pointsx in the support ofB have|x| = O(
√
k). This completes the proof.

On the other hand, if we wantχ2(A,N(0, 1)) to be finite, we need to have a mixture of Gaussians each
with positive varianceδ > 0.

Corollary 4.4. For any 0 < δ < 1, there is a distributionA that is a mixture ofk Gaussians each with
varianceδ that agrees withN(0, 1) on the first2k − 1 moments. The means of all the Gaussians have
magnitudeO(

√
k).

Proof. By rescaling the distributionB given by Lemma 4.3, we can find a discrete distribution supported
onk points with absolute value no bigger than

√
k that agrees with the first2k− 1 moments ofN(0, 1− δ).

This has weightswi/(1 − δ) at the pointsxi(1 − δ) for 1 ≤ i ≤ k. Let X be a random variable with this
distribution. LetX ′ be a random variable distributed asN(0, 1− δ). LetY be a random variable distributed
asN(0, δ) that is independent ofX andX ′. We takeA to be the distribution ofX + Y . Then we have

E[(X + Y )j ] =

j∑

i=0

(
i

j

)
E[Xi]E[Y j−i] =

j∑

i=0

(
i

j

)
E[X ′i]E[Y j−i] = E[(X ′ + Y )j ] ,

for all integers1 ≤ j ≤ k. By standard results about Gaussians,X ′ + Y is distributed asN(0, 1). Finally,
note that the distribution ofX + Y is a mixture ofk GaussiansN(

√
1− δxi, δ) with weightswi.

To setδ, we need to consider the high-dimensional construction:

Lemma 4.5. For v, v ∈ Sn with |v · v′| ≤ 1/2, we have thatdTV (Pv ,Pv′) ≥ 1−O
(
k
√
δ log(1/δ) csc θ

)
.

Proof. We writeAi, for 1 ≤ i ≤ k, for the GaussiansN(µi, δ) thatA is a mixture of. Fixǫ > 0. By a
Chernoff bound,Ai is within the interval[µi− a, µi+ a], wherea = 2

√
δ log(1/ǫ) with probability at least

1− ǫ.
We again consider the plane spanned byv andv′. Let x, y be the orthogonal coordinates withv in

the direction of thex-axis. Similarly, letx′,y′ be the orthogonal coordinates withv′ in the direction of the
x′-axis. Letθ be the angle betweenv andv′.

We have that
∫

x

min{Pv(x),Pv′ (x)}dx =

∫ ∞

x=−∞

∫ ∞

y=−∞
min{A(x)G(y), A(x′)G(y′)}dxdy

=

∫ ∞

x=−∞

∫ ∞

x′=−∞
min{A(x)G(y), A(x′)G(y′)} csc θdxdx′

≤ kmax
i,j

∫ ∞

x=−∞

∫ ∞

x′=−∞
min{Ai(x)G(y), Aj(x

′)G(y′)} csc θdxdx′

≤ kǫ+ kmax
i,j

∫ µi+a

x=µi−a

∫ µj+a

x′=µj−a
min{Ai(x)G(y), Aj(x

′)G(y′)} csc θdxdx′

≤ kǫ+ kmax
i,j

a2 csc θ max
x,x′∈R

min{Ai(x)G(y), Aj(x
′)G(y′)}

≤ kǫ+ ka2 csc θ/(2π
√
δ)

= kǫ+ k
√
δ csc θ log(1/ǫ)/π .
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Takingǫ =
√
δ, we obtain that

∫
xmin{Pv(x),Pv′ (x)}dx ≤ O(k

√
δ log(1/δ) csc θ). On the other hand,

dTV (Pv,Pv′) =
1

2

∫

x
|Pv(x)−Pv′(x)|dx

=
1

2

∫

x
max{Pv(x),Pv′ (x)} −min{Pv(x),Pv′ (x)}dx

=
1

2

∫

x
Pv(x) +Pv′(x)− 2min{Pv(x),Pv′(x)}dx

= 1−
∫

x
min{Pv(x),Pv′ (x)}dx

≥ 1−O(k
√
δ log(1/δ) csc θ) .

This completes the proof.

This gives an upper bound onδ. We don’t wantδ to be too small, because of the following lemma:

Lemma 4.6. We have thatχ2(A,N(0, 1)) ≤ exp(O(k))/
√
2δ.

Proof. Each componentAi, for 1 ≤ i ≤ k, satisfies the following:

1 + χ2(Ai, N(0, 1)

=

∫

x
Ai(x)

2/G(x)dx

= 1/(
√
2πδ)

∫

x
exp(−(x− µi)

2/δ + x2/2)

= 1/(
√
2πδ)

∫

x
exp(−x2(1/δ − 1/2) + 2µix/δ − µ2

i /δ)

= 1/(
√
2πδ)

∫

x
exp(−(x− 2µi/(2− δ))2((2− δ)/2δ) + 2µ2

i /(δ(2 − δ)) − µ2
i /δ)

= 1/(
√
2πδ)

∫

x
exp(−(x− 2µi/(2− δ))2((2− δ)/2δ) + 2µ2

i /(δ(2 − δ)) − (2− δ)µ2
i /δ(2 − δ))

=
√

2/(2 − δ)δ exp(µ2
i /(2− δ))

∫

x
1/
√

2π(2δ/(2 − δ)) exp(−(x− 2µi/(2 − δ))2(1/δ − 1/2)dx

=
√

2/(2 − δ)δ exp(µ2
i /(2− δ)))

≤ exp(O(k))/
√
2δ .

Thus, for the mixtureA we have that:

1 + χ2(A,N(0, 1)) =
∑

i

∑

j

wiwj/(1− δ)

∫

x
Ai(x)Aj(x)/G(x)dx

≤
∑

i

∑

j

wiwj/(1− δ)
√

(1 + χ2 (Ai, N(0, 1)) (1 + χ2 (Aj , N(0, 1))

≤
∑

i

∑

j

wiwj/(1− δ) · exp(O(k))/
√
2δ

= exp(O(k))/
√
2δ ·

∑

i

∑

j

wiwj

= exp(O(k))/
√
2δ · 1 .

This completes the proof.
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We could takeδ = Θ(1/k2 log2(k)). But we’d like to enforce the condition that the Gaussians are
well-separated:

Lemma 4.7. Givenǫ > 0, if δ = O(1/
√
k log(1/ǫ)), thendTV (Ai, Aj) ≥ 1− ǫ.

Proof. It is known (see, e.g., [Sze89]) that the difference betweentwo roots ofHk(x) is Ω(1/
√
k)). Thus,

the same is true ofHek(x) and by our construction, we have that|µi−µj| ≥ Ω((1− δ)/
√
k), for i 6= j. By

standard concentration bounds, with probability at least1−ǫ/2, Ai lies in the range(µi−
√
2δ ln(2/ǫ), µi+√

2δ ln(2/ǫ)). Similarly, with probability at least1 − ǫ/2, Aj lies in the range(µj −
√

2δ ln(2/ǫ), µj +√
2δ ln(2/ǫ)). If these intervals are disjoint, we havedTV (Ai, Aj) ≥ 1−ǫ. This holds when(1−δ)/

√
k) =

Ω(
√

δ log(1/ǫ)), which is true whenδ = O(1/
√
k log(1/ǫ)).

We are now ready to prove the main result of this section.

Proof of Proposition 4.2.We takeδ = C/(k2 log2(k+1/ǫ)) for a sufficiently small constantC. That is (ii).
For (i), by Lemma 4.4,A agrees withN(0, 1) on the first2k − 1 moments. Lemma 4.7 gives (iii), Lemma
4.6 gives (iv), and Lemma 4.5 gives (v).

5 SQ Lower Bound for Robust Learning of a Gaussian

In this section, we use the framework of Section 3 to prove thefollowing theorem:

Theorem 5.1. Let ǫ > 0, 0 < c ≤ 1/2, andn ≥ Ω(log(1/ǫ)4). Any algorithm that, given SQ access to a
distributionP on R

n which hasdTV (P, N(µ, I)) ≤ ǫ for some vectorµ ∈ R
n with ‖µ‖2 ≤ poly(n/ǫ),

and returns a vector̃µ with ‖µ̃ − µ‖2 ≤ ǫ log(1/ǫ)1/2−c, requires at least2n
2/15 ≥ nlog(1/ǫ)c/2 calls to

STAT
(
O(n)− log(1/ǫ)c/2/6

)
or toVSTAT

(
O(n)log(1/ǫ)

c/2/3
)

.

The theorem will follow from the following proposition:

Proposition 5.2. For anyδ > 0 and integerm > 0, there is a distributionA onR satisfying the following
conditions:

(i) A andN(0, 1) agree on the firstm moments.

(ii) dTV (A,N(δ, 1)) ≤ O(δm2/
√

log(1/δ)).

(iii) χ2(A,N(0, 1)) = O(δ).

We defer the proof of the proposition for the following subsection and show how Theorem 5.1 follows
from it.

Proof of Theorem 5.1.We apply Propositions 3.3 and 5.2 withm = ln(1/ǫ)c/2 andδ = Cǫ ln 1/ǫ1/2−c,
whereC > 0 is a sufficiently large constant. By Proposition 5.2, we havethat (i)A andN(0, 1) agree on the
first log(1/ǫ)c/2 moments, (ii)dTV (A,N(δ, 1)) ≤ O(δm2/

√
log(1/δ)) = O(ǫ) and (iii)χ2(A,N(0, 1)) =

O(δ). Note that for any unit vectorv ∈ Sn, it holds thatdTV (Pv , N(vδ, I)) = dTV (A,N(δ, 1)) ≤ O(Cǫ).
We thus have that for any unit vectorsv andv′ with |v · v′| ≤ 1/8, that

dTV (Pv ,Pv′) ≥ dTV (N(δv, I), N(δv′ , I)) − dTV (Pv , N(vδ, I)) − dTV (Pv′ , N(v′δ, I))

≥ Ω(δ‖v − v′‖2)−O(Cǫ)

= Ω(δ
√
2− 2v · v′)−O(Cǫ)

= Ω(δ) −O(δ/(log 1/δ)1/2−c) = Ω(δ) .
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We want to apply Proposition 3.3 withǫ taken to beΩ(δ). Our condition onn, n ≥ ln(1/ǫ)4, im-
plies the conditionn ≥ Ω(m8). We conclude that it requires at least2n

2/15 ≥ nlog(1/δ)c/2 calls to

STAT
(
O(n)− log(1/δ)c/2/6

√
δ
)

or to VSTAT
(
O(n)ln(1/δ)

c/2/3/δ
)

to produce a hypothesis distribution

Q with
dTV (Q,Pv) ≤ O(δ) ≤ ǫ ln(1/ǫ)1/2−c ,

where we used the assumption thatC is sufficiently large.

5.1 Proof of Proposition 5.2The proof proceeds as follows: For someC = Θ(
√

log(1/δ)), we will have
A(x) = G(x − δ) outside of[−C,C]. On [−C,C], we will haveA(x) = G(x − δ) + p(x), wherep(x) is
the degree-m polynomial, which is unique after fixingm, C andδ, with

∫ C
−C p(x)dx = 0 and

∫ C

−C
p(x)xidx =

∫ ∞

−∞
(G(x) −G(x− δ))xidx ,

for 1 ≤ i ≤ m. We need to show that we can find appropriatem, C, andδ such that theL1-norm ofp(x) is
at mostO(δm2/

√
log(1/δ)) and thatA(x) is non-negative.

We will expressp(x) as a linear combination of (appropriately scaled) Legendrepolynomials, a family
of orthogonal polynomials on[−C,C]. Rather than showing that the firstm moments agree directly, we
will instead want that the expectations of the firstm scaled Legendre polynomials agree. Bounds on the
coefficients of the Legendre polynomials inp(x) allow us to obtain bounds on theL1 andL∞ norm ofp(x)
on [−C,C]. Choosingm, δ andC appropriately will then show the proposition.

We record here the basic properties of Legendre polynomialsthat we will need:

Fact 5.3. [Sze89] The Legendre polynomials,Pk(x), for integersk ≥ 0 satisfy the following properties:

(i) Pk(x) is a polynomial of degreek. P0(x) = 0 andP1(x) = x.

(ii)
∫ 1
−1 Pi(x)Pj(x)dx = (2/(2i + 1))δi,j for all i, j ≥ 0.

(iii) |Pk(x)| ≤ 1 for all |x| ≤ 1.

(iv) Pk(x) = (−1)kPk(−x).

(v) Pk(x) = 1/2k
∑⌊k/2⌋

i=0

(k
i

)(2k−2i
k

)
xk−2i.

As a simple corollary we obtain the following lemma:

Lemma 5.4. We have:

(i) |Pk(x)| ≤ (4|x|)k for all |x| ≥ 1.

(ii)
∫ 1
−1 |Pk(x)| ≤ O(1/

√
k).

First we note that we can expressp(x) as a linear combination of scaled Legendre polynomials whose
coefficients are given by integrals:

Lemma 5.5. We can writep(x) =
∑m

k=0 akPk(x/C), whereak = ((2k + 1)/2C)
∫ C
−C Pk(x/C)p(x)dx.

Proof. Sincep(x) has degree at mostm and the set ofPk(x/C) for 0 ≤ k ≤ m contains a polynomial of
each degree from0 tom, there existsak such thatp(x) =

∑m
k=0 akPk(x/C).
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It follows from Fact 5.3 (ii) and a change of variables that
∫ C
−C Pi(x/C)Pj(x/C)dx = (2C/(2i+1))δi,j ,

for all i, j ≥ 0. We can use this to extract theak ’s. For1 ≤ k ≤ m, we have

∫ C

−C
Pk(x/C)p(x)dx =

∫ C

−C
Pk(x/C)

m∑

i=0

aiPi(x/C)dx

=

m∑

i=0

ai

∫ C

−C
Pk(x/C)Pi(x/C)dx

= (2C/(2i + 1))ak .

Note that knowing the firstm moments fixes these integrals:

Lemma 5.6.
∫ C
−C Pk(x/C)p(x)dx =

∫∞
−∞(G(x)−G(x− δ))Pk(x/C)dx, for any0 ≤ k ≤ m.

Since we will apply this with1/δ exponential ink andC, we will be able to ignoreO(δ2) terms. We
use Taylor’s theorem to expand(G(x) −G(x− δ)) to get theδ andO(δ2) terms.

Lemma 5.7. (G(x)−G(x− δ)) = xG(x)δ + (ξ(x)2 − 1)/2 ·G(ξ(x))δ2 for somex ≤ ξ(x) ≤ x+ δ.

Lemma 5.8. For k ≤ 4C,
∫∞
−∞ Pk(x/C)xG(x)dx ≤ O(

√
k/C).

Proof. Whenk is even, using Fact 5.3 (iv), we have thatPk(x/C)xG(x) = −(Pk(−x/C) · (−x)G(−x)),
and so the integral is zero. Whenk is odd, we can rewrite Fact 5.3 (v) in ascending order of terms, by using
the change of variablesj = (k + 1)/2 − i, as

Pk(x) = 1/2k
(k+1)/2∑

j=1

(
k

(k − 1)/2 + j

)(
k + 2j − 1

2j − 1

)
x2j−1.

By standard results about the moments of Gaussians, we have that for allj ≥ 1,
∫∞
−∞ x2jG(x)dx = (2j +

1)!! :=
∏j

i=1(2i+ 1). Thus, we have

∫ ∞

−∞
Pk(x/C)xG(x)dx =

∫ ∞

−∞
1/2k

(k+1)/2∑

j=1

(
k

(k − 1)/2 + j

)(
k + 2j − 1

2j − 1

)
x2jG(x)/C2j−1dx

= 1/2k
(k+1)/2∑

j=1

(
k

(k − 1)/2 + j

)(
k + 2j − 1

2j − 1

)
(2j + 1)!!/C2j−1 .
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Note that this is non-negative. We can bound it from above as follows:

∫ ∞

−∞
Pk(x/C)xG(x)dx = 1/2k

(k+1)/2∑

j=1

(
k

(k − 1)/2 + j

)(
k + 2j − 1

2j − 1

)
(2j + 1)!!/C2j−1

≤
(k+1)/2∑

j=1

1/
√
k

(
k + 2j − 1

2j − 1

)
(2j + 1)!!/C2j−1

≤
(k+1)/2∑

j=1

1/
√
k(k + 2j − 1)2j−1(2j + 1)!!/C2j−1(2j − 1)!

≤
(k+1)/2∑

j=1

1/
√
k2(k + 2j − 1)2j−1/C2j−1

≤ 2/
√
k

(k+1)/2∑

j=1

(2k/C)2j−1 ≤ 8
√
k/C .

Lemma 5.9. For any integer1 ≤ k ≤ 4C,
∫ ∞

−∞
Pk(x)(ξ(x)

2 − 1)/2 ·G(ξ(x))dx ≤ O(1)

for any functionξ(x) with x ≤ ξ(x) ≤ x+ δ, for all x ∈ R.

Proof. We separate this integral into the interval[−C,C] and the tails. We can use Fact 5.3 (iii) to bound
the integral on[−C,C], as follows:

∣∣∣∣
∫ C

−C
Pk(x)(ξ(x)

2 − 1)/2 ·G(ξ(x))dx

∣∣∣∣ ≤
∣∣∣∣
∫ C

−C
(ξ(x)2 − 1)/2 ·G(ξ(x))dx

∣∣∣∣

≤ |
∫ C

−C
(|x| + δ + 1)2/2 ·G(min{0, |x| − δ})dx|

≤ O(δ) + |
∫ C+δ

−C−δ
(|x|+ 2δ + 1)2/2 ·G(x)dx|

≤ O(δ +EX∼G[1] +EX∼G[|X|] +EX∼G[X
2])

= O(1) .
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For the tails, we need Lemma 5.4(i). For the right tail,[C,∞), we have
∣∣∣∣
∫ ∞

C
Pk(x)(ξ(x)

2 − 1)/2 ·G(ξ(x))dx

∣∣∣∣ ≤
∣∣∣∣
∫ ∞

C
(4|x|/C)k(ξ(x)2 − 1)/2 ·G(ξ(x))dx

∣∣∣∣

≤
∣∣∣∣
∫ ∞

C
(4|x|/C)k(x+ δ)2G(x− δ)dx

∣∣∣∣

≤
∣∣∣∣
∫ ∞

C
(4/C)k|x+ 2δ|k+2G(x− δ)dx

∣∣∣∣

≤
∣∣∣∣
∫ ∞

C−δ
(4/C)k|x|k+2 · (1 + 2δ/C)kG(x− δ)dx

∣∣∣∣

≤ 2

∣∣∣∣
∫ ∞

−∞
(4/C)k|x|k+2G(x− δ)dx

∣∣∣∣

≤ O((4/C)k(k + 3)!!)

≤ O((4
√
k/C)k) ≤ O(1) .

A similar bound holds for the left tail, which completes the proof.

Putting everything together, we have:

Corollary 5.10. We can writep(x) =
∑m

k=0 akPk(x/C), whereak = O(δk3/2/C2), for 0 ≤ k ≤ m.

Thus, we can get bounds on theL1 andL∞ norm ofp(x) on [−C,C]:

Lemma 5.11. We have that:
∫ C
−C |p(x)|dx ≤ O(δm2/C) and |p(x)| ≤ δm5/2/C2, for all x ∈ [−C,C].

We can now bound from above the desiredχ2-divergence:

Lemma 5.12.χ2(A,N(0, 1)) = O
(
δ2 + δm5/2/C2 · (C2δ +max|x|≤C |p(x)|/G(x))

)
.

Proof. We have the following:

χ2(A,N(0, 1)) =

∫ ∞

−∞
A(x)2/G(x)dx − 1

=

∫ ∞

−∞
G(x− δ)2/G(x)dx − 1 +

∫ C

−C
2p(x)G(x − δ)/G(x)dx +

∫ C

−C
p(x)2/G(x)dx .

For the first term, we can write:
∫ ∞

−∞
G(x− δ)2/G(x)dx = 1/

√
2π

∫ ∞

−∞
exp(−x2/2 + 2δx− δ2)dx

=

∫ ∞

−∞
G(x− 2δ) exp(δ2)dx

= exp(δ2) ≤ 1 + 2δ2 .

We bound the second term from above as follows:
∣∣∣∣
∫ C

−C
p(x)G(x − δ)/G(x)dx

∣∣∣∣ =
∣∣∣∣
∫ C

−C
2p(x) exp(xδ − δ2/2)dx

∣∣∣∣

=

∣∣∣∣
∫ C

−C
p(x) · (1 + xδ +O(C2δ2))dx

∣∣∣∣

≤ C|a0|+O(Cδ|a1|) + C2δ2
∫ C

−C
|p(x)dx

≤ 0 +O(δ2/C) +O(δ3m5/2) .
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Finally, for the third term we have:

∫ C

−C
p(x)2/G(x)dx ≤ δm5/2/C2 max

x∈[−C,C]
|p(x)|/G(x) .

This completes the proof of the lemma.

To prove the proposition, we need to setC appropriately and check the bounds onm needed forA(x)
to satisfy the necessary properties.

Proof of Proposition 5.2.Note that unlessδ is sufficiently small andm2 ≤ O(
√

log(1/δ)), takingA =
N(0, 1), instead of using our construction, satisfies the Proposition. We will takeC = Θ(

√
log(1/δ)), and

so we can assume thatm ≤
√
C.

Recall thatA(x) is defined to beG(x− δ)+ p(x) on [−C,C] andG(x− δ) outside of[−C,C]. Firstly,
A(x) needs to be the pdf of a distribution. Since

∫ C

−C
Pk(x/C)p(x)dx =

∫ ∞

−∞
(G(x) −G(x− δ))Pk(x/C)dx

for k = 0, whenPk(x) = 1, we have that
∫∞
−∞A(x)dx = 1. We also need thatA(x) is non-negative, i.e.,

that on[−C,C], A(x) = G(x− δ)− p(x) ≥ 0. Note that

G(x) − p(x) ≥ G(C + δ)− δm5/2/C2 ,

using Lemma 5.11. Sincem2 ≤ C, we needG(C+δ) ≥ δC3/4. This holds whenC =
√

ln(1/δ)−δ, since

then we haveG(C + δ) =
√

δ/2π ≥ δ
√

ln(1/δ)
3/4

for sufficiently smallδ. Note that this also implies that
A(x) ≤ 2G(x− δ) for all x, and|p(x)| ≤ G(x) for all −C ≤ x ≤ C.

The second of these and Lemma 5.12 imply (iii). For (i), by construction, we have that the firstm
moments agree.

A satisfies (ii), since by Lemma 5.11 ,

dTV (A,N(δ, 1)) =
1

2

∫ C

−C
|p(x)|dx ≤ O(δm2/C) = O(δm2/

√
log(1/δ)).

The proof is now compete.

6 Sample Complexity Lower Bounds for High-Dimensional Testing

In this section, we use our framework to prove information-theoretic lower bounds on the sample complexity
of our two high-dimensional testing problems: (i) robustlytesting the mean of a single Gaussian, and (ii)
(non-robustly) testing between a Gaussiank-mixture and a single Gaussian. Both these statements follow
from the structural results established in the previous sections using the following proposition:

Proposition 6.1. LetA be a distribution onR satisfying Condition 3.2. Then, there is no algorithm that,
for anyn, givenO(n1− 5

2m ) samples from a distributionD overRn which is eitherN(0, I) or Pv, for some
unit vectorv ∈ R

n, correctly distinguishes between the two cases with probability at least2/3.

The proof of the proposition uses the structure of the set ofPv ’s and standard information-theoretic
arguments, and is deferred to the following subsection.

Using Proposition 6.1, we establish the two main results of this section:
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Theorem 6.2(Sample Complexity Lower Bound for Robustly Testing a Gaussian). There is no algorithm
that, for everyǫ > 0 and integern, givenO(n1−ln(1/ǫ)−1/3

) samples from a distributionP on R
n which

is promised to satisfy either (a)P = N(0, I) or (b) dTV (P, N(µ, I)) ≤ ǫ/100, where‖µ‖2 ≥ ǫ, can
distinguish between the two cases with probability at least2/3.

Theorem 6.2 follows from the following slightly stronger statement:

Lemma 6.3. Fix ǫ > 0 and0 < c ≤ 1/2. There is no algorithm that, givenO
(
n1−3 log(1/ǫ)−c/2

)
samples

from a distributionP onRn which is promised to satisfy either (a)P = N(0, I) or (b) dTV (P, N(µ, I)) ≤
ǫ, where‖µ‖2 ≥ ǫ log(1/ǫ)1/2−c, can distinguish between the two cases with probability at least2/3.

Proof. We takem = ln(1/ǫ)c/2 andδ = Cǫ ln 1/ǫ1/2−c, for some sufficiently large constantC, and apply
Proposition 5.2. Then, we apply Proposition 6.1 instead of Proposition 3.3. Again, Proposition 5.2 yields
that

dTV (A,N(δ, 1)) ≤ O(δm2/
√

log(1/δ)) ≤ ǫ ,

for sufficiently largeC.
We then apply Proposition 6.1, which gives that no algorithmthat takesO(n1−1/(5 log(1/ǫ)c/2/2)) sam-

ples from a distributionP onR
n, which is eitherPv for a some unit vectorv, or N(0, I) can distinguish

between the two with probability at least2/3. SincedTV (Pv , N(δv, I) = dTV (P, N(µ, I)) ≤ ǫ, this
proves the lemma.

Theorem 6.4 (Sample Complexity Lower Bound for Testing GMMs). Fix ǫ > 0, k ∈ N, and n ≥
Ω(k8 log(1/ǫ). There is no algorithm that givenO(n1−5/(4k−2)) samples from a distribution onRn that
is promised to be either (a)N(0, I), or (b) a Gaussiank-mixture

∑
iwiN(µi,Σi) in R

n which satisfies
dTV (Pi,Pj) ≥ 1− ǫ, for all i 6= j, distinguishes between the two cases with probability at least2/3.

Proof. The distributionA given by Proposition 4.2 satisfies the assumptions of Proposition 6.1. This gives
that there is no algorithm, such that givenO(n1−5/(4k−2))) samples from a distributionP which is either
N(0, I) or Pv for some unit vectorv, distinguishes between the two with probability at least2/3.

By the same argument as 4.1, for anyv, Pv is a mixture satisfying the necessary conditions. This
completes the proof.

6.1 Proof of Proposition 6.1Suppose that, after fixing the dimensionn, the algorithm takes at most
N samples. We can consider the testing algorithm as a (possibly randomized) function fromN -tuples of
samples to its output. For a distributionD, let D⊗N denote the distribution over independentN -tuples
drawn fromD. We writef(D⊗N ) for the Bernoulli distribution that gives the output of the algorithm given
a single sample ofD⊗N . LetQN be the distribution obtained by choosingv uniformly at random over the
unit sphereSn, and then drawingN samples fromPv . Then,f(QN) should be “NO” with probability at
least2/3, since the probability that eachf(P⊗N

v ) is “NO” is at least2/3. On the other hand,f(N(0, I)⊗N )
is “YES” with probability at least2/3. By the data processing inequality, it follows that

dTV (QN , N(0, I)⊗N ) ≥ dTV (f(QN ), f(N(0, I)⊗N )) ≥ 1/3 .

Suppose for the sake of contradiction thatN ≤ O(n1−5/(2m)) andn is sufficiently large compared to
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m andχ2(A,N(0, 1)). Then, we claim thatdTV (QN , N(0, I)⊗N ) < 1/3. Indeed, we have that:

4dTV (QN , N(0, I)⊗N )2 + 1 ≤ χ2(QN , N(0, I)⊗N ) + 1 =

=

∫

x(1)∈Rn

. . .

∫

x(N)∈Rn

QN (x(1), . . .x(N))2/
N∏

i=1

G(x(i))dx(N) . . . dx(1)

=

∫

x(1)∈Rn

. . .

∫

x(N)∈Rn

∫

v∈Sn

∫

v′∈Sn
PN

v (x(1), . . . ,x(N)))PN
v′ (x

(1), . . . ,x(N)))/

N∏

i=1

G(x(i))dv′dvdx(N) . . . dx(1)

=

∫

v∈Sn

∫

v′∈Sn

∫

x(1)∈Rn

. . .

∫

x(N)∈Rn

N∏

i=1

Pv(x
(i))Pv′(x

(i))/G(x(i))dx(N) . . . dx(1)dv′dv

=

∫

v∈Sn

∫

v′∈Sn
(1 + χN(0,I)(Pv ,Pv′))

Ndv′dv .

Consider choosingv andv′ independently uniformly at random overSn. By Corollary 3.10, we have that

Pr
[
|v · v′| ≥ Ω(n−α)

]
≤ exp(−Ω(n1−2α)) ,

for some0 ≤ α ≤ 1/2. By Lemma 3.4, we have

|χN(0,I)(Pv ,Pv′)| ≤ |v · v′|m+1χ2(A,N(0, 1)) .

For anyv, v′ we have
|χN(0,I)(Pv,Pv′)| ≤ χ2(A,N(0, 1)) .

When|v · v′| = O(n−α), we have

|χN(0,I)(Pv,Pv′ )| ≤ n−αm ·O(1)m · χ2(A,N(0, 1))χ2(A,N(0, 1)) .

Thus, we get that

4dTV (QN , N(0, I)⊗N ))2 + 1

≤
∫

v∈Sn

∫

v′∈Sn
(1 + χN(0,I)(Pv,Pv′))

Ndv′dv

≤Pr
[
|v · v′| ≤ O(n−α)

] (
1 + n−αmO(1)mχ2(A,N(0, 1))

)N
+Pr[|v · v′| ≥ Ω(n−α)](1 + χ2(A,N(0, 1)))N

≤
(
1 + n−αmO(1)mχ2(A,N(0, 1))

)N
+ exp(−Ω(n1−2α))

(
1 + χ2(A,N(0, 1))

)N
,

for any 0 < α ≤ 1/2. We now setα = 6/(5m). For n = exp(Ω(m))χ2(A,N(0, 1))5 , it holds that
n−6/5O(1)mχ2(A,N(0, 1)) ≤ 1/n ≤ 1/N , and therefore we have that

(
1 + n−αmO(1)mχ2(A,N(0, 1))

)N ≤ 1 +Nn−6/5O(1)mχ2(A,N(0, 1))

≤ 1 + n−1/5O(1)mχ2(A,N(0, 1)) < 11/9 .

Forn ≥ log(1 + χ2(A,N(0, 1)))10m , we have that

exp(−Ω(n1−2α))
(
1 + χ2(A,N(0, 1))

)N
= exp

(
−Ω

(
n1−3/5m −N log(1 + χ2(A,N(0, 1)))

))

= exp
(
−Ω

(
n1−3/5m

(
n−1/10m − log(1 + χ2(A,N(0, 1)))

)))

≤ exp(−Ω(n1−5/2m)) < 2/9 .

Thus,
4dTV

(
QN , N(0, I)⊗N

)2
+ 1 < 11/9 + 2/9 ,

and sodTV

(
QN , N(0, I)⊗N

)
< 1/3.
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7 SQ Algorithms for Robustly Learning and Testing a Gaussian

The structure of this section is as follows: In Section 7.1, we prove a moment matching structural result that
forms the basis of our algorithms. In Section 7.2, we presentour robust testing algorithm, and in Section 7.3
we give our robust learning algorithm.

7.1 One-Dimensional Moment Matching LemmaThe main result of this section is the following struc-
tural result:

Lemma 7.1. LetG ∼ N(0, 1). For δ > ǫ > 0, definek = 2⌈ǫ
√

ln(1/ǫ)/δ⌉. LetG′ be anǫ-noisy one-
dimensional Gaussian with unit variance so that for allt ≤ k we have that thetth moments ofG andG′

agree to within an additive(t− 1)!(δ/ǫ)tǫ/t. Then, we have thatdTV (G,G′) = O(δ).

Proof. Let G̃ = N(µ, 1) be such thatdTV (G
′, G̃) ≤ ǫ. We can assume without loss of generality thatµ > 0.

Looking at just the mean and variance suffices to getdTV (G,G′) = O(δ
√

log(1/δ)) using techniques
similar to the proof of theO(ǫ

√
log(1/ǫ)) filter algorithm from [DKK+16b]. This allows us to focus on the

case thatµ ≥ 1. Formally, we have the following claim:

Claim 7.2. Lemma 7.1 holds when the meanµ of G̃ is at least1.

Proof. We start by noting that we can assumeǫ > 0 is smaller that a sufficiently small universal constant.
Assuming otherwise and recalling thatδ > ǫ gives thatdTV (G,G′) ≤ 1 = O(δ), in which case the lemma
statement is trivial.

Let µ′ be the mean ofG′. We can write

G′ = G̃+ ǫ′E − ǫ′L , (3)

for distributionsE,L with disjoint supports whereǫ′ = dTV (G
′, G̃) ≤ ǫ. Moreover, it holds

G̃ ≥ ǫ′L . (4)

Sincek ≥ 2 by definition, the lemma assumptions imply that|µ′| ≤ δ andEX∼G′ [X2] ≤ δ2/ǫ. By (3)
we have thatµ′ = µ + ǫ′EX∼E [X] − ǫ′EX∼L[X], and similarlyEX∼G′ [(X − µ′)2] = 1 + (µ − µ′)2 +
ǫ′EX∼E [(X − µ′)2]− ǫ′EX∼L[(X − µ′)2]. Therefore, we get

ǫ′EX∼E[(X − µ′)2] ≤ δ2/ǫ− 1− (µ′ − µ)2 + ǫ′EX∼L[(X − µ)2]

Note thatPrX∼L[|X − µ′| ≥ T ] ≤ Pr
X∼G̃

[|X − µ′| ≥ T ]/ǫ′. As in Corollary 8.8 of the high
dimensional agnostic paper [DKK+16b], we have that

EX∼L[(X − µ′)2] =
∫ ∞

0
PrX∼L[|X − µ′| ≥ T ]2TdT

≤
∫ ∞

0
2T min

{
1,PrX∼N(µ,1)[|X − µ′| ≥ T ]/ǫ′

}
dT

≤
∫ ∞

0
2T min{1, exp(−((T − |µ− µ′|)2/2)2T/ǫ′}dT

=

∫ √
2 ln(1/ǫ′)+|µ−µ′|

0
2TdT +

∫ ∞
√

2 ln 1/ǫ′
exp(−T 2/2)2(T + |µ− µ′|)/dTV (G

′, G̃)dT

= O(ln(1/ǫ′) + 1 + |µ− µ′|2) .

31



By combining the above, we get that

ǫ′EX∼E[(X − µ′)2] ≤ δ2/ǫ− 1− (1−O(ǫ′))|µ− µ′|2 +O(ǫ′ ln(1/ǫ′)) ,

and thusEX∼E [(X − µ′)2] ≤ δ2/(ǫǫ′).
However, the means ofL andE, µL andµE have|µL − µ′|2 ≤ EX∼L[(X − µ′)2] and|µE − µ′|2 ≤

EX∼E[(X −µ′)2], and thereforeǫ′|µL −µ′| ≤ O(ǫ′
√
ln 1/ǫ′ + ǫ′|µ′−µ|) ≤ O(ǫ

√
ln 1/ǫ+ ǫ|µ′−µ|) and

ǫ′|µE − µ| ≤ O(ǫ′
√
δ2/ǫǫ′) = O(δ).

We thus have thatµ′ − µ = ǫ′µE − ǫ′µL has|µ′ − µ| ≤ O(δ) +O(ǫ
√

ln 1/ǫ) +O(ǫ|µ− µ′|). Sinceǫ
is sufficiently small, we have|µ′ − µ| ≤ O(δ) + 1/2. Since|µ′| ≤ δ, We thus have thatµ ≤ O(δ) + 1/2.
Since we assumed thatµ ≥ 1, we thus have thatδ = Ω(µ − 1/2) = Ω(1/2) and soµ = O(δ). We now
have thatdTV (G,G′) = O(µ) = O(δ).

We will henceforth assume thatµ ≤ 1 and thus we have thatdTV (G, G̃) = Θ(µ). Suppose for the sake
of contradiction thatdTV (G,G′) = Ω(δ), for a sufficiently large constant in the big-Ω. Then,dTV (G, G̃) ≥
dTV (G, G̃)− ǫ ≫ δ. We may assume thatµ ≥ C2δ for a sufficiently large constantC > 0. Thus, we have
thatǫ ≤ µ/C2 ≤ 1/C2.

The proof will proceed as follows: Letf(x) = sin(xCǫ/µ). We note thatf(x) has a simple expectation
underG or G̃, and we can easily get a lower bound on their difference. We will also use the Taylor series
for f(x) and our moment bounds to derive an upper bound on this difference which contradicts this lower
bound.

Forx ∈ R+, we want an expression forEX∼N(x,1)[f(X)]. By standard facts on the Fourier transform,
we have that

EX∼N(x,1)[exp(−iωX)] = exp(−iωx)EX∼N(0,1)[exp(−iωX)] = exp(−ω2/2− iωx) ,

for anyω ∈ R. Sincesin(xCǫ/µ) = (exp(−ixCǫ/µ)− exp(ixCǫ/µ))/2i, we obtain that

EX∼N(x,1)[f(X)] = exp(−(Cǫ/µ)2/2) sin(xCǫ/µ) .

Therefore,EX∼N(0,1)[f(X)] = 0 andEX∼N(µ,1)[f(X)] ≥ exp(1/C) sin(Cǫ) > (C/2)ǫ, and thus

EX∼G′ [f(X)] ≥ EX∼G̃[f(X)]− ǫ > (C/3)ǫ. (5)

Let h be the degree-(k − 1) Taylor polynomial off plus the term(Cxǫ/µ)k/k!. By the Lagrange form of
the remainder in Taylor’s theorem, we have that

∣∣h(x)− (Cxǫ/µ)k/k!− f(x)
∣∣ ≤ f (k)(ξ)xk/k!, for some

ξ ∈ [0, x]. Sincek is even, we have that thek-th derivative off , |f (k)(ξ)| = (Cǫ/µ)k| sin(ξCǫ/µ)| ≤
(Cǫ/µ)k. Thus, we get

f(x) ≤ h(x) ≤ f(x) + 2(xCǫ/µ)k/k! .

Our goal will be to show thatEX∼G′ [h(X)] is substantially larger thanEX∼N(0,1)[h(X)], which will con-
tradict the assumption about approximately matching moments. We start by consideringEX∼N(µ,1)[h(X)]
versusEX∼N(0,1)[h(X)]. We can write

EX∼N(µ,1)[h(X)] −EX∼N(0,1)[h(X)]

= EX∼N(µ,1)[f(X)] −EX∼N(0,1)[f(X)] +O
(
EX∼N(µ,1)

[
(XCǫ/µ)k/k!

]
−EX∼N(0,1)

[
(XCǫ/µ)k/k!

])

≥ (C/3)ǫ +O
(
EX∼N(µ,1)

[
(XCǫ/µ)k/k!

]
−EX∼N(0,1)

[
(XCǫ/µ)k/k!

])
,

where the last inequality follows from (5). To bound this latter term, we make the following claim:
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Claim 7.3. We have that
|G(x− µ)−G(x)| ≤ O(µ)G(x/

√
2).

Proof. First, we note thatG(x− µ)/G(x) = exp(−2xµ+ µ2/2).
Recalling our assumption that0 ≤ µ < 1, for |x| ≤ O(1/µ), we have that|G(x − µ) − G(x)| ≤

O(|x|µ+µ2)G(x) ≤ O((|x|+1)µ)G(x). Then, sinceG(x)/G(x/
√
2) = O(G(x)) ≤ O(1/(|x|+1)), we

get |G(x− µ)−G(x)| ≤ O(µ)G(x/
√
2).

For |x| ≥ 5/µ, since
√

2 ln(1/µ) + 2 ≤ 2 ln(1/µ) + 3 ≤ 2/µ + 3 ≤ x, we have thatG(|x| − 2) ≤ µ.
ThusmG(x)/G(x/

√
2) ≤ O(G(x)) ≤ O(µ) and

G(x− µ)/G(x/
√
2) = O(exp(−x2/4 + µx− µ2/2))

= O(G((x − 2µ)/
√
2) exp(µ2/2))

≤ O(G(|x| − 2)) ≤ O(µ) ,

and hence|G(x− µ)−G(x)| ≤ O(µ)G(x/
√
2).

Using this claim, we note that
∫ ∞

−∞
(xCǫ/µ)k/k! |G(x− δ) −G(x)| dx = O(ǫ)EX∼N(0,1/2)[(Cǫ/µ)k/k!] = O(ǫ/(C/

√
2)k) = O(ǫ).

Therefore, we have that
EX∼G̃[h(X)] ≥ EX∼G[h(X)] + (C/3)ǫ.

Next, we wish to compareEX∼G′ [h(X)] to EX∼G̃[h(X)]. Using (3), we have the following forǫ′ =

dTV (G
′, G̃):

EX∼G′ [h(X)] = EX∼G̃[h(X)] + ǫ′ (EX∼E[h(X)] −EX∼L[h(X)])

≥ E
X∼G̃

[h(X)] + ǫ′
(
EX∼E[f(X)]−EX∼L[f(X)]−EX∼L

[
(Xǫ/δ)k/k!

])

= E
X∼G̃

[h(X)] +O(ǫ)− ǫ′EX∼L

[
(XCǫ/µ)k/k!

]
.

From (4), i.e.,G̃ ≥ ǫ′L, it follows thatL satisfies the concentration inequality

Pr
X∼L

[|X − µ| > T ] ≤ 2 exp(−T 2/2)/ǫ′ .

We now proceed to bound the subtractive term from above:

ǫ′EX∼L

[
(XCǫ/µ)k/k!

]

≤ ǫ′
∞∑

J=0

Pr
X∼L

[
|X − µ| ≥ 2J

√
log(1/ǫ)

]
(2(J + 1)

√
log(1/ǫ) + µ)k(Cǫ/µ)k/k!

≤ ǫ(3
√

log(1/ǫ)Cǫ/µ)k/k! +
∞∑

J=1

2ǫJ(2(J + 2)
√

log(1/ǫ)Cǫ/µ)k/k!

≤ ǫ ·O
(√

log(1/ǫ)Cǫ/µ
)k

/k! ·
(
1 +

∞∑

J=1

ǫJ(J + 2)k

)

≤ ǫ ·O
(√

log(1/ǫ)ǫ/Cδ
)k

/k! ≤ ǫ · O
(√

log(1/ǫ)ǫ/Cδ
)k

/(
√
2πk(k/e)k)

≤ ǫO(
√

log(1/ǫ)ǫ/Cδk)k/
√
k ≤ O(ǫ/

√
kCk) ≤ O(ǫ) .
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Therefore, we conclude that

EX∼G′ [h(X)] ≥ EX∼N(µ,1)[h(X)] +O(ǫ) ≥ EX∼N(0,1)[h(X)] + (C/4)ǫ .

On the other hand, recalling thath is the degree-(k − 1) Taylor expansion off(x) = sin(xCǫ/µ), we
can writeh(x) =

∑k−1
i=0 aix

i, with ai = O((Cǫ/µ)i/i!) = O((ǫ/Cδ)i/i!. Therefore, the difference
EX∼G′ [h(X)] − EX∼N(0,1)[h(X)] is the sum overi of ai times the difference in theith moments, which
by assumption is at most

ǫ

k−1∑

i=0

(i− 2)!(δ/Cǫ)iO((ǫ/δ)i/i!) = O(ǫ)

k−1∑

i=1

(1/i)2 = O(ǫ) .

This contradicts the fact that their difference is at least(C/4)ǫ, and concludes the proof.

7.2 Robust Testing Algorithm In this subsection, we give a robust testing algorithm, i.e., an algorithm
that distinguishes between anǫ-noisy Gaussian andN(0, I). This algorithm will form the basis for our
robust learning algorithm of the following subsection.

Theorem 7.4 (Robust Testing Algorithm). Let G′ be anǫ-noisy version of ann-dimensional Gaussian
with identity covariance. Letδ be at least a sufficiently large constant multiple ofǫ. There exists an SQ
algorithm that makesO(nk) queries toSTAT(ǫ · O(n log(n/ǫ)2)−k) wherek = 2⌈O(ǫ

√
log(1/ǫ)/δ)⌉,

and distinguishes between the cases thatG′ is the standard normal distributionN(0, I), and the case that
G′ is at leastδ-far fromN(0, I). The algorithm has running timenO(k).

By simulating the statistical queries with samples, we obtain:

Corollary 7.5. Given sample access toG′, an ǫ-noisy version of ann-dimensional Gaussian with identity
covariance andǫ, δ > 0 with δ be at least a sufficiently large constant multiple ofǫ, there is an algorithm that
with probability 9/10 distinguishes between the cases thatG′ is the standard normal distributionN(0, I),
and the case thatG′ is at leastδ-far from N(0, I) and requires at most(n log(1/ǫ))O(k)/ǫ2 samples and
running time wherek = 2⌈O(ǫ

√
log(1/ǫ)/δ)⌉.

Proof. In the case whenG′ is δ-far fromN(0, I), let G̃ = N(µ, I) be such thatdTV (G
′, G̃) ≤ ǫ. We need

to show that we can distinguish between the casesG′ = N(0, I) andG′ is anǫ-noisy version of a Gaussian
G̃ = N(µ, I) with dTV (G̃,G) ≥ δ − ǫ. We assume from now on that the completeness case is to show that
dTV (G̃,G) ≥ δ, since replacingδ with δ + ǫ does not affect the statement of the theorem.

The algorithm is quite simple. LetC be a sufficiently large universal constant such that theO(δ) total
variation distance bound in Lemma 7.1 is less thanCδ. We assume thatδ > 4Cǫ.

Robust Testing Algorithm:

• For each coordinate axis1 ≤ i ≤ n, useSTAT to approximatePrX∼G′ [X ≤ ǫ] andPrX∼G′ [X ≥ ǫ]
to within ǫ/2. If any of these approximations are bigger than1/2 + ǫ, then output “NO”.

• Let k = 2⌈2Cǫ
√

ln(1/ǫ)/δ⌉. LetC ′ be a sufficiently large constant.

• Using access toSTAT, find all the mixed moments ofX ∼ G′, conditioned on‖X‖2 ≤ C ′k
√

n log(n/ǫ),
of order at mostk to within errorn−k/2ǫ/2.

• If the difference between any moment of ordert ≤ k that we measured and that ofN(0, I) is more
than((t− 1)!(δ/2Cǫ)t/t− 1) · n−k/2ǫ, then output “NO”.
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• Otherwise, output “YES”.

The idea is to use Lemma 7.1 with the approximations the moments. However, we have the issue that
the STAT oracle can only be used to approximate the expectation of a bounded function. Using the condition
‖X‖2 ≤ C ′k

√
n log(n/ǫ) allows us to avoid this. But we first need to show that conditioning on it does not

affect the moments too much and does not move the distribution far in total variational distance.
Note that the first step of the algorithm will reject if the median ofN(µ, I) projected onto any coordinate

axis is outside of the interval[−ǫ, ǫ]. If this occurs, thenµ 6= 0. If this step does not reject, thenµ projected
onto any coordinate axis isO(ǫ), and so‖µ‖2 ≤ O(ǫ

√
n).

The condition‖x‖2 ≤ C ′k
√

n log(n/ǫ) ensures that the any degree less thank monomial inX
is at most(C ′nk2 log(n/ǫ)))k/2. Thus, we can approximate this expectation to precisionn−k/2ǫ using
STAT(ǫ · O(n log(n/ǫ)2)−k). However, since‖µ‖2 ≤ O(ǫ

√
n), by standard concentration bounds, the

probability thatX ∼ N(µ, I) does not satisfy this condition is at mostǫ · (C ′nk2 log(n/ǫ)))−k. LetG′′ be
G′ conditioned on‖X‖2 ≤ C ′k

√
n log(n/ǫ). If G′ = N(0, I), then we need to show that the moments of

G′′ andG′ are withinln−k/2(ǫ/2). To show this, we use the following lemma:

Lemma 7.6. For 0 ≤ δ ≤ exp(−k), the difference between any mixed moment of degree at mostk of
N(0, I) andN(0, I) conditioned on‖x‖2 ≤ O(

√
nk log(1/δ)), is at mostδ.

Proof. Let X be distributed asN(0, I). Let ǫ be δ/(k + ln 1/δ)(k−1)C for a sufficiently large constant
C. Thus, ln(1/ǫ) = ln(1/δ) + lnC + (k − 1) ln(k + ln(1/δ)). Let T be

√
2n log 1/ǫ. Then,T =

OC(
√

nk log(1/δ)) and by standard concentration inequalities, we have thatPr[‖X‖2 ≥ T ] ≤ ǫ.
Fora ∈ N

n with ‖a‖1 ≤ k, consider the monomial of degree at mostk, ma(x) =
∏n

i=1 x
ai
i . First we

consider its mean and variance. If anyai is odd,E(ma)(X) =
∏n

i=1E(Xai
i ) = 0, since the odd moments

of Xi ∼ N(0, 1) are zero. If allai are even, thenE(ma)(X) =
∏n

i=1E(Xai
i ) =

∏
i 2

ai/2(ai/2)! ≤
2k/2(k/2)!. For the variance, we haveVar[ma(X)] ≤ E[ma(X)2] =

∏n
i=1E(X2ai

i ) =
∏

i 2
a
i ai! ≤ 2kk!.

Let pa(X) = ma(X)/2k/2
√
k!. Then we have that0 ≤ E[pa(X)] ≤ 1 andVar[pa(X)] ≤ 1.

By the standard concentration inequality given in Lemma 7.16 below, we have that for allt > 0,
Pr[|pa(X)| ≥ t+ 1] ≤ exp(2 − (t/R)2/k) for someR > 0. Thus, we havePr[|pa(X)| ≥ c+ 1] ≤ ǫ, for
c = R(ln(1/ǫ) − 2)k/2. Let I(x) be the indicator function of‖x‖2 ≥ T . Then we have that

|E[I(X)pa(X)]| ≤ E[I(X)|pa(X)|]

=

∫ ∞

0
Pr[I(X)|pa(X)| ≥ t]dt

≤
∫ c+1

0
ǫdt+

∫ ∞

c+1
exp(2− (t− 1/R)2/k)dt

= (c+ 1)ǫ+

∫ ∞

c
exp(2− (t/R)2/k)dt

= (c+ 1)ǫ+

∫ ∞

ln(1/ǫ)
exp(2− x)(dt/dx)dx (wherex = (t/R)2/k)

= (c+ 1)ǫ+ (Rk/2)

∫ ∞

ln(1/ǫ)
exp(2− x)xk/2−1dx

= (c+ 1)ǫ+ (Rk/2)ǫ ·
k/2−1∑

j=0

((k/2)!/(k/2 − j)!) ln(1/ǫ)k/2−j

≤ R ln(1/ǫ)k/2ǫ+ (k2/8)ǫ(k + log(1/ǫ))k/2−1

≤ O(k2ǫ(k + log(1/ǫ))k/2−1) ,
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where the integral
∫∞
ln(1/ǫ) exp(2 − x)xk/2−1dx is calculated explicitly below in Claim 7.18. In terms of

ma(x), we have

|E[I(X)ma(X)]| ≤ O(k2ǫ(k + log(1/ǫ))k/2−12k/2
√
k!) ≤ O(ǫ(k + log(1/ǫ)(k−1)) ≤ O(δ/C) ≤ δ/2 .

Then, forX ′ distributed asN(0, I) conditioned on‖X ′‖2 ≤ T , we have

|E[ma(X)] −E[ma(X
′)]| = |E[ma(X)] −E[ma(X)(1 − I(X))]/(1 − Pr[‖X‖2 > T ])|

= |(E[I(X)ma(X)]−E[ma(X)] Pr[‖X‖2 > T ]) /1− Pr[‖X‖2 > T ])|

≤
(
δ/2 + 2k/2

√
kǫ
)
/(1 − ǫ)

≤ 2δ/3(1 − ǫ) ≤ δ .

Applying Lemma 7.6 forδ = n−k/2ǫ, noting thatC ′k
√

n log(n/ǫ) = Ω(C ′√nk log(1/δ)) yields that
the moments ofG′′ andG′ = N(0, I) are withinln−k/2(ǫ/2). Thus, in this case, the approximations of the
moments ofG′′ are withinn−k/2ǫ of the moments ofG′.

For the soundness case, we just note that since(t − 1)!(δ/2Cǫ)tǫ/t − 1 ≥ (δ/2Cǫ)/2 − 1 ≥ 1, the
bounds on the moments we need to fail are bigger than the precision of the statistical queries we use to
approximate them, and therefore we never output “NO” whenG′ = N(0, I).

Now suppose thatG′ is anǫ-noisy version of an identity covariance GaussianG̃. ThenG′′ is a2ǫ-noisy
version ofG̃. We will denoteµ the mean vector of̃G and will assume that‖µ‖2 ≥ δ. We need to show that
the algorithm outputs “NO”.

Consider the unit vectorv = µ/‖µ‖2 which hasv · µ ≥ δ. Consider the one-dimensional distributions
G′′

v andG̃v of the formv ·X, where eitherX ∼ G′′ orX ∼ G̃. Note thatG̃v = N(‖µ‖2, 1) has mean larger
thanδ and thatdTV (G

′′
v , G̃v) ≤ 2ǫ. We can now apply the contrapositive of Lemma 7.1 withδ/C in place

of δ and2ǫ in place ofǫ, which implies that there is at ≤ k such that thet-th moment ofG′
v is more than

(t− 1)!(δ/2Cǫ)tǫ/t far from that ofN(0, 1). That is,

|EX∼G′ [(v ·X)t]−EX∼N(0,I)[(v ·X)t]| ≥ (t− 1)!(δ/2Cǫ)tǫ/t .

Now consider the polynomial(v·x)t. Note that the coefficient of a monomial
∏

i x
ai
i , for a ∈ Z

n
>0, ‖a‖1 = t,

is given by the multinomial theorem as
(

t
a1,...,an

)∏n
i=1 v

ai
i . TheL1-norm of its coefficients is the same as the

L1-norm of entries of the rank-t tensorv⊗t, which hasi-th entry
∏t

j=1 vij , for i ∈ {0, . . . , n}t, since there

are
( t
a1,...,an

)
entries in this symmetric tensor which are given by

∏n
i=1 v

ai
i for anya. The Frobenius norm of

v⊗t, theL2-norm of its entries, is
∑

i∈{0,...,n}t
∏t

j=1 v
2
ij
=
∏t

j=1

∑n
i=1 v

2
i = 1. Since there arent entries,

theL1-norm of its entries must be at mostnt/2 ≤ nk/2. We can writeEX∼G′′ [(v ·X)t]−EX∼N(0,I)[(v ·X)t]
as a linear combination of differences in moments with thesecoefficients, and we can thus bound this from
above by the product of theL1-norm of the coefficients and theL∞-norm of the differences in moments.
Hence, there must be some momentE[

∏
i X

ai
i ] with a ∈ Z

n
>0, ‖a‖ ≤ k, such that

∣∣∣∣∣EX∼G′

[
∏

i

Xai
i

]
−EX∼N(0,I)

[
∏

i

Xai
i

]∣∣∣∣∣ ≥ (t− 1)!(δ/2Cǫ)tǫ/t · n−k/2 .

This in turn means that the difference in the approximation of this moment ofG′′ and that ofN(0, I) is at
most((t− 1)!(δ/2Cǫ)t/t− 1) · n−k/2ǫ. Thus, the testing algorithm outputs “NO”.
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7.3 Robust Learning Algorithm In this section, we build on the testing algorithm of the previous section
to design our robust learning algorithm. Formally, we prove:

Theorem 7.7. LetG′ be anǫ-noisy version of ann-dimensional Gaussian with identity covariance matrix,
N(µ, I) with ‖µ‖2 ≤ poly(n, ǫ). There is an algorithm that, given statistical query accessto G′, out-

puts an approximatioñµ to the meanµ such that‖µ − µ̃‖2 ≤ O(ǫ). The algorithm usesnO(
√

log(1/ǫ)) +

2log(1/ǫ)
O(

√
log(1/ǫ))

calls toSTAT(ǫ/(n ln(1/ǫ))O(
√

log(1/ǫ))) and has running timenO(
√

log(1/ǫ))+2log(1/ǫ)
O(

√
log(1/ǫ))

.

By simulating the statistical queries with samples, we obtain:

Corollary 7.8. Given sample access toG′, anǫ-noisy version of ann-dimensional GaussianN(µ, I), there

is an algorithm that with probability9/10 outputsµ̃with‖µ−µ̃‖2 ≤ O(ǫ) and requires(n log(1/ǫ))O(
√

log(1/ǫ))/ǫ2

samples andnO(
√

log(1/ǫ))/ǫ2 + 2log(1/ǫ)
O(

√
log(1/ǫ))

time.

The work [DKK+16b] gives algorithms which can compute an approximationµ′ with ‖µ − µ′‖2 ≤
O(ǫ

√
log(1/ǫ)). These algorithms can be expressed as Statistical Query algorithms. However, due to the

model of adversary used for robustness in [DKK+16b], the algorithms were expressed there in terms of op-
erations on sets of samples that were drawn before the execution of the algorithm. The filtering algorithms
work by successively removing samples from this set and thencomputing expectations of the current set of
remaining samples. The samples that are removed are those that satisfy an explicit condition, we say that
they are rejected by a filter. We can implement these algorithms as SQ algorithms by replacing expectations
of the current set of remaining samples with the conditionalexpectation of the input distribution, conditioned
on all previous filters accepting. This is similar to the filtering algorithm for learning binary Bayesian net-
works given in [DKS16b]. Even there, we still used samples tocompute the threshold for the filter. We note
that using arguments similar to those we use for the algorithm below, all theses algorithms can be expressed
as SQ algorithms. In particular, this is the case for Algorithm Filter-Gaussian-Unknown-Mean,
which we will use as a black box pre-processing step to approximate the mean withinO(ǫ

√
log(1/ǫ)).

Instead of dealing with moments, i.e., the expectations of monomials, directly, we will consider expec-
tations of Hermite polynomials, which have a simpler form for normal distributions.

Definition 7.9. We define multi-dimensional normalized Hermite polynomials as follows: fora ∈ Z
n,

Hea(x) =
∏n

i=1Heai(xi). We definen(a) =
∏n

i=1 ai!.

Thus we have the following:

Fact 7.10.EX∼N(0,I)[Hea(X)Heb(X)] = δabn(a).

We define a linear combination of these Hermite polynomials with degreet associated with a tensor
of rank t. For i ∈ {0, . . . , n}t, we define the count vectorc(i) ∈ Z

n
≥0 such thatc(i)j is the number of

coordinates ofi that arej.

Definition 7.11. For a rank-t tensorA overRn, we define

hA(x) =
∑

i∈{0,...,n}t
Hec(a)(x)/

√
t! .

We are now ready to describe our learning algorithm.

Robust Learning Algorithm:

1. Letk = 2⌈
√

ln(1/ǫ))⌉.
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2. Compute an approximationµ′ with ‖µ− µ‖2 ≤ O(ǫ
√

log(1/ǫ)) by iterating Algorithm
Filter-Gaussian-Unknown-Mean from [DKK+16b]. We change the origin so thatµ′ = 0.

3. LetN be the filter that accepts when‖x‖2 ≤
√

2n log(1/ǫ).

4. For1 ≤ t ≤ k, let P̃t be the rank-t tensor withi1, . . . , it entry given by
√
t! times the result of asking

an SQ oracle forEX∼G′ [hc(i)(X)] conditioned onN accepting to within precisionǫ/nt/2.

5. While‖P̃t‖F ≥ ǫΩ(log(1/ǫ))t/2 for somet,

• Let t′ be the leastt such that‖P̃t′‖F ≥ ǫΩ(log(1/ǫ))t
′/2.

• Let A = P̃t′/‖P̃t′‖F . Let hA(x) =
∑

i1,...it′
AiHec(i)(x)/

√
t! For each positive integerT ,

approximate
Pr

X∼G̃
[|hA(X)| ≥ T + 1]

until one is found that is at least

3 exp(2− Ω(T )2/t
′

)) + ǫ/Cn2t′

for a sufficiently large constantC. LetF be the filter that accepts when|hA(x)| ≤ T + 1.

• RecalculateP̃t, for all 1 ≤ t ≤ k, where all expectations are conditionedN and the filtersF
from all previous iterations.

6. End while.

7. For1 ≤ t ≤ k, compute the SVD ofM(P̃t), P̃t considered as ann × nt−1 matrix, and letVt ⊆ R
n

be the subspace spanned by all right singular vectors ofPt with singular value more thanǫ.

8. LetV be the span ofV1, . . . , Vk.

9. LetS ⊂ V be a set of unit vectors of size|dim(V )|O(dim(V )) such that for any unit vectorv ∈ V ,
there is av′ ∈ S with ‖v − v′‖2 ≤ 1/2.

10. For eachv ∈ S, compute the medianmv of vTX, for X ∼ G′, to within ǫ/
√
dimV using bisection

and statistical queries to approximate thePr[vTX ≤ m] for m = µ′ + O(ǫ
√

log(1/ǫ)). (We don’t
need to condition on any filters here).

11. Find a feasible point̃µV of the LPµ̃V ∈ V with |vT µ̃V − vTmv| ≤ O(ǫ) for all v ∈ S.

12. ReturñµV .

Using similar techniques to those used to express this algorithm in terms of Statistical Queries, we can
run AlgorithmFilter-Gaussian-Unknown-Meanusingpoly(n/ǫ) time and calls toSTAT(Õ(ǫ/poly(n))).

Note that we can approximate conditional expectations easily as a ratio of expectations approximated
by two SQ queries. Since, as we will show, our filters only throw away at most anO(ǫ) fraction of points,
we will not need to increase the precision beyond a constant factor to do this.

The algorithm needs approximate expectations to withinǫ/nO(
√

log(1/ǫ)). To show that we can use the

oracleSTAT(ǫ/(n ln(1/ǫ))O(
√

log(1/ǫ))) to obtain this, we need to note that the distributions we approxi-

mate the expectations of are supported in an interval of length (n ln(1/ǫ))O(
√

log(1/ǫ)). Thanks to the naive
pruning of Step 3, onlyx with ‖x‖2 ≤

√
2n log(1/ǫ) contribute to these expectations. This suffices to show

that the maximum value of all polynomials we consider on any suchx is at most(n ln(1/ǫ))O(
√

log(1/ǫ)).
We need to show the following for the filter step of our algorithm:
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Proposition 7.12. The loop in Step 5 takesO(n2k) iterations and all filters together accept with probability
at least1−O(ǫ).

7.3.1 Proof of Proposition 7.12We now proceed with the proof. By standard concentration bounds,N
accepts with probability1 − O(ǫ). Let F ′ be the event thatN and all filtersF from previous iterations
accept. We assume inductively thatPrG′ [F ′] ≤ O(ǫ), and need to show that the same holds if we include
the filterF produced in the current iteration.

Let G̃ = N(µ, I) be a Gaussian withdTV (G
′, G̃) ≤ ǫ such that‖µ‖2 ≤ O(ǫ

√
log(1/ǫ)). We write

G′|F ′ for the distribution obtained by conditioning onF ′. SincePrG′ [F ′] ≤ Cǫ, we have that

dTV (G
′|F, G̃) ≤ dTV (G

′, G̃) + dTV (G
′, G′|F ′) ≤ (C + 1)ǫ .

Thus, for the first iteration, we haveG′|F ′ = G̃ + dTV (G
′|F, G̃)E − dTV (G

′|F, G̃)L, for distributionsE
andL with disjoint supports.

For any iteration, we will writeG′|F ′ = wG̃G̃ + wEE − wLL, for distributionsE andL with disjoint
supports, wherewE + wL = O(ǫ) andwG̃ = 1 + O(ǫ). In the first iteration, we will takewG̃ = 1 and

wE = wL = dTV (G
′|F ′, G̃).

We will need properties of the polynomialshA(x) for the analysis. In particular, we show the following:

Lemma 7.13. Given a rank-t symmetric tensorA overRn, let hA(x) be as in Definition 7.11. Then, we
have:

(i) EX∼N(0,I)[hA(X)2] = ‖A‖2F .

(ii) If B is a rank-t tensor withBi =
√
t!EX∼P[Hec(i)(X)], for a distributionP, thenEX∼P[hA(X)] =∑

i AiBi.

(iii) We can recoverA fromhA(x) using
√
t!Ai1,...,it =

∂
∂xi1

· · · ∂
∂xit

hA(x).

(iv) If O is an orthogonal matrix, thenhA(Ox) = hB(x) for a symmetric rank-t tensorB with ‖B‖F =
‖A‖F .

(v) If B is a rank-t tensor withBi =
√
t!EX∼P[Hec(i)(X)], for a distributionP, andj > 0, v ∈ R

n,

thenEX∼P[Hej(v ·X)]/
√
t! = B(v, . . . , v).

Proof. For (i), we first need to get an expression for the coefficientsof eachHea(x), since they appear
multiple times inhA(x) =

∑
i∈{0,...,n}t AiHec(a)(x)/

√
t!. Let c−1(a) be a function mappinga ∈ Z

t
≥0 with

‖a‖1 = t to i ∈ {1, . . . , n}t, with c(c−1(a)) = a for all a. SinceA is symmetric, the choice ofc−1 does
not affectAc−1(a) for anya. Note that, for a givena, there are

(
t

a1,...,an

)
= t!/n(a) possiblei with c(i) = a.

Thus, we have:

hA(x) =
∑

i∈{0,...,n}t
AiHec(a)(x)/

√
t!

=
∑

‖a‖1=t

t!/n(a) ·Ac−1(a)Hea(x)/
√
t!

=
∑

‖a‖1=t

√
t!/n(a) · Ac−1(a)Hea(x) .
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Now, by orthogonality ofHea(x) with distincta, we have that, forX ∼ N(0, I), it holds:

E[hA(X)2] =
∑

‖a‖1=t

t!/n(a)2 ·A2
c−1(a)E[Hea(X)2]

=
∑

‖a‖1=t

t!/n(a) · A2
c−1(a)

=
∑

i

A2
i = ‖A‖2F .

For (ii), we now have that

EX∼P[hA(X)] = 1/
√
t! ·
∑

i

AiEX∼P[Hec(i)(x)]

=
∑

i

AiBi .

For (iii), note thata with ‖a‖1 = t, Hea(x) has only one monomial of degreet, which is
∏

xaii . Thus,
given i ∈ {1, . . . , n}t, there is only onea with ‖a‖1 = t and ∂

∂xi1
· · · ∂

∂xit
Hea(x) 6= 0, which isa = c(i)

and has

∂

∂xi1
· · · ∂

∂xit
Hec(i)(x) =

∂

∂xi1
· · · ∂

∂xit

∏

j

x
c(i)j
j

=
∏

j

c(i)j ! = n(c(i)) .

Thus, we have

∂

∂xi1
· · · ∂

∂xit
hA(x) = n(c(i)) ·

√
t!/n(a) ·Ac−1(a)

=
√
t!Ai .

For (iv), consider the linear transformation of rank-t tensorsO⊗t, which for our purposes can be defined as
the unique function such that(O⊗tA)(v1, . . . , vt) = A(OT v1, . . . , O

T vt), for all rank-t tensors overRn, A,
and vectorsv1 . . . vt ∈ R

n. It is a fact that‖O⊗tA‖F = ‖A‖F . Now, we consider thet-th order directional
derivatives of a functionf , ∇v1 , · · · ∇vtf(x), where∇vg(x) =

∑
i vi

∂g
∂xi

(x). These can be expressed in

terms of the rank-t tensorF , with Fi =
∂

∂xi1
· · · ∂

∂xit
f(x), as∇v1 , . . .∇vtf(x) = F (v1, . . . vt). We have

that, for alli,

∂

∂xi1
· · · ∂

∂xit
hA(Ox)

= ∇ei1
· · · ∇eit

hA(Ox)

= ∇OT ei1
· · · ∇OT eit

hA(x)

=
√
t!A(OTei1 , . . . , O

Teit)

=
√
t!(O⊗tA)i

=
∂

∂xi1
. . .

∂

∂xit
hO⊗tA(a) .
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SincehA(Ox) andhO⊗tA(x) are both multivariate polynomials of degreet, that these derivatives agree
means that the coefficients of all monomials of degree-t agree. We thus havehA(Ox) = hO⊗tA(x) +
p(x), wherep is a polynomial of degree at mostt − 1. SincehO⊗tA(x) is a linear combination of Her-
mite polynomials of degreet, which are orthogonal to all polynomials of degree smaller than t, we have
EX∼N(0,I)[hO⊗tA(X)p(X)] = 0, and so

1 = ‖A‖F = EX∼N(0,I)[hA(Ox)2]

= EX∼N(0,I)[hO⊗tA(X)2] +EX∼N(0,I)[p(X)2] + 2EX∼N(0,I)[hO⊗tA(X)p(X)]

= ‖O⊗tA‖F +EX∼N(0,I)[p(X)2] + 0

= 1 +EX∼N(0,I)[p(X)2] .

SinceEX∼N(0,I)[p(X)2] = 0, we must havep(x) ≡ 0, and thus

hA(Ox) = hO⊗tA(x) .

TakingB = O⊗tA gives (iv).
For (v), letO be an orthogonal matrix that gives a rotation mappinge1 to v, a = {t, 0, . . . , 0} andT1 be

the rank-t tensor with(1, . . . , 1) entry1 and every other entry0. Then, we can rewrite

Het(v · x) = Het((Ox)1) = Hea((Ox)1) =
√
t!hT1(Ox) =

√
t!hO⊗tT1

(x) .

For anyi, we have

(O⊗tT1)i = (O⊗tT1)(ei1 , . . . , eit)

= T1(O
T ei1 , . . . , O

Teit)

=

t∏

j=1

(OT eij)1

=

t∏

j=1

(Oe1)ij

=

t∏

j=1

vij .

Thus we haveO⊗tT1 = v⊗t, the tensor with entries
∏t

j=1 vij , and so

EX∼P[Het(v ·X)]/
√
t! = EX∼P[hv⊗t(X)]

=
∑

i

Bi

t∏

j=1

vij = B(v, . . . , v) . (by (ii))

This completes the proof.

We writePt′ orGt′ for the rank-t′ tensor with entries
√
t!E[hc(i)(X)], whereX is distributed according

toG′|F ′ or G̃ respectively. We know that‖P̃t′‖F ≥ ǫΩ(log(1/ǫ)t
′/2).

Lemma 7.14. When‖P̃t′‖F ≥ ǫΩ(log(1/ǫ)t
′/2), we have|EX∼G′ [hA(X)]| ≥ ǫ · Ω(log(1/ǫ))t/2.
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Proof. The assumption on the SQ errors imply that the correspondingentries ofPt′ and P̃t′ are within
ǫ/nt′/2. It follows that

‖Pt′ − P̃t′‖F ≤
√
t′!ǫ .

Using Lemma 7.13 (iii), we have

EX∼G′ [hA(X)] =
∑

i∈[n]t′
Ai(Pt′)i

= 1/‖P̃t‖F ·
∑

i∈[n]t′
(P̃t′)i(Pt′)i

= 1/‖P̃t‖F ·


‖P̃t′‖2F +

∑

i∈[n]t′
(P̃t′)i(Pt′ − P̃t′)i




≥ ‖P̃t′‖F − ‖Pt′ − P̃t′‖F ≥ ‖P̃t′‖F −
√
t′!ǫ

≥ ǫΩ(log(1/ǫ)t
′/2))− ǫ

√
log(1/ǫ)

t′

≥ ǫΩ(log(1/ǫ)t
′/2) .

Lemma 7.15.EX∼G̃[hA(X)] = O(ǫ
√

log(1/ǫ))t andEX∼G̃[hA(X)2] = O(1).

Proof. Since for alla ∈ Z
k
>0, EX∼N(0,I)[Hea(X)] = 0, we haveEX∼N(0,I)[hA(X] = 0. By Lemma 7.13

(i), EX∼N(0,I)[hA(X)2] = ‖A‖2F = 1.

We need to take these expectations underG̃ = N(µ, I) instead ofN(0, I). Consider a rotation given
by an orthogonal matrixO that maps‖µ‖2e1 to µ. By Lemma 7.13 (i), there is a symmetric rank-t tensor
B with ‖B‖F = 1 such thathA(OX) = hB(X). Now we have that

EX∼G′ [hA(X)] = EX∼N(‖µ‖2e1,I)[hA(OX)] = EX∼N(‖µ‖2e1,I)[hB(X)] ,

and similarly forhA(X)2.
Fora ∈ Z

n
≥0 with a 6= 0, writing a−1 ∈ Z

n−1
≥0 for the vector dropping the first coordinate ofa, we have

EX∼N(‖µ‖2e1,I)[Hea(X)] = EX∼N(0,I)[Hea−1(X)]EX∼N(‖µ‖2 ,1)[Hea1(X)]

= δa−1,0EX∼N(0,1)[Hea1(X + ‖µ‖2)] .

Note that there is only one indexi such thatc(i) is zero in all except the first coordinate, and so we have

EX∼G̃[hA(X)] = EX∼N(‖µ‖2e1,I)[hB(X)] = B1,...,1EX∼N(0,1)[Het(X + ‖µ‖2)/
√
t!] .

Since‖B‖F = 1, we have
∣∣EX∼G̃[hB(X)]

∣∣ ≤ |EX∼N(0,1)[Het(X + ‖µ‖2)/
√
t!]|.

By standard results, we have thatdHei
dx (x) = iHei−1(x), and so by Taylor’s theorem we haveHei(x +

‖µ‖2) =
∑i

j=0

(i
j

)
‖µ‖j2Hei−j(x). Thus,

|EX∼N(0,1)[Het(X + ‖µ‖2)]| =
∣∣∣∣∣

t∑

i=0

(
t

i

)
‖µ‖i2|EX∼N(0,1)[Het−i(X)]

∣∣∣∣∣

= ‖µ‖t2 .
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This gives ∣∣E
X∼G̃

[hA(X)]
∣∣ ≤ ‖µ‖t2/

√
t! = O(ǫ

√
log(1/ǫ))t/

√
t! ,

as required.
Similarly, we have, for alla,b ∈ Z

n
>0,

EX∼N(‖µ‖2e1,I)[Hea(X)Heb(X)] = EX∼N(0,I)[Hea−1(X)Heb−1(X)]EX∼N(‖µ‖2 ,1)[Hea1(X)Heb1(X)]

= δa−1b−1 ·EX∼N(0,1)[Hea1(X + ‖µ‖2)Heb1(X + ‖µ‖2)] .

When‖a‖1 = ‖b‖1 = t, if a−1 = b−1, thena = b (sincea1 = b1 = t− ‖a‖1). For1 ≤ j ≤ t, we have:

EX∼N(0,1)[Hej(X + ‖µ‖2)2] = EX∼N(0,1)



(

j∑

i=0

(
j

i

)
‖µ‖i2Hej−i(x)

)2



=

j∑

i=0

(
j

i

)2

‖µ‖2i2 |EX∼N(0,1)[Hej−i(X)2]

=

j∑

i=0

(
j

i

)2

‖µ‖2i2 i!

=

j∑

i=0

‖µ‖2i2 (j!/(j − i)!)2/i!

≤
j∑

i=0

‖µ‖2i2 j2i/i!

≤ 2

j∑

i=0

2−2i (since‖µ‖2 ≤ 1/2k ≤ 1/2j)

≤ 3 .

Putting these together, fora,b with ‖a‖1 = ‖b‖1 = t, we have
∣∣EX∼N(‖µ‖2e1,I)[Hea(X)Heb(X)]

∣∣ ≤ 3δab .

The sum of squares of coefficients of allHea(x) in hB(X) isEX∼N(0,1)[hB(X)2] = ‖B‖F = 1, and so we
have thatEX∼N(‖µ‖2e1,I)[hB(X)2]| ≤ 3. Finally, recall thatEX∼G[h(A)

2] = EX∼N(‖µ‖2e1,I)[hB(X)2]|,
and so this isO(1), as required.

Now consider the equation

EX∼G′ [hA(X)] = w
G̃
E

X∼G̃
[hA(X)] + wEEX∼E [hA(X)] − wLEX∼L[hA(X)].

We know that the LHS isΩ(ǫ log(1/ǫ)t/2) and that the first term on the RHS is smaller. Therefore, one
of the last two terms is small. SincewLL ≤ G̃, we will use standard concentration inequalities to show
thatwLEX∼L[hA(X)] is O(ǫ log(1/ǫ)t/2). If we cannot find a filter, thenwEE ≤ G′ must satisfy similar
concentration inequalities, which would imply thatwEEX∼E[hA(X)] isO(ǫ log(1/ǫ)t/2). Since some term
on the RHS must be bigger than this, we can find a filter.

Lemma 7.16. For X ∼ N(0, I), if p(x) is a degree-d polynomial withE[p(X)2] ≤ 1, we have that

Pr [|p(X)| ≥ T +E[p(X)]] ≤ exp(2− Ω(T )2/d)) .
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Lemma 7.17. We have thatwL|EX∼L[hA(X)]| ≤ ǫ ·O(log(1/ǫ))t
′/2).

Proof. We start with the following claim:

Claim 7.18. For anyR > 0, d ∈ Z+, ǫ > 0, andexp(−(a/R)2/d) = ǫ, we have
∫ ∞

a
exp(−(T/R)2/d)TdT ≤ (d2/2)ǫ(d + ln(1/ǫ))d−1 .

Proof. Note that(a/R)2/d = ln(1/ǫ). First, we change variables tox = (T/R)2/d to obtain
∫ ∞

ln(1/ǫ)
exp(−(T/R)2/d)TdT =

∫ ∞

ln(1/ǫ)
exp(−x)xd/2

dT

dx
dx

=

∫ ∞

ln(1/ǫ)
exp(−x)xd/2 · (Rd/2)xd/2−1dx

= (Rd/2)

∫ ∞

ln(1/ǫ)
exp(−x)xd−1dx .

We can now integrate by parts
∫ ∞

ln(1/ǫ)
exp(−x)xd−1dx = ǫ ln(1/ǫ)d−1 + (d− 1)

∫ ∞

ln(1/ǫ)
exp(−x)xd−2dx .

By a simple induction, we have

∫ ∞

ln(1/ǫ)
exp(−x)xd−1dx = ǫ

d−1∑

j=0

d!/(d − j)! ln(1/ǫ)(d−j−1) .

Now we have

∫ ∞

a
exp(−(T/R)2/d)Tdt = (d/2)ǫ

d−1∑

j=0

d!/(d − j)! ln(1/ǫ)(d−j−1)

≤ (d/2) exp(−(a/R)2/d)

d−1∑

j=0

dj ln(1/ǫ)(d−j−1)

≤ (d2/2)ǫ(d + ln(1/ǫ))d−1 .
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Let µh = EX∼G̃[hA(X)]. We have the following sequence of inequalities:

wLEX∼L|[hA(X)2] =

∫ ∞

0
TwL Pr

X∼L
[|hA(X)| > T ]dT

≤
∫ ∞

0
T min{wL, Pr

X∼G̃
[|hA(X)| > T ]}dT

≤
∫ ∞

0
T min{wL, exp(2− Ω(T − µh)

2/t′))}dT

≤
∫ ∞

0
T min{wL, exp(2− ((T − µh)/R)2/t

′

))}dT (for someR > 0)

=

∫ ∞

−µh

(T + µh)min{wL, exp(2− (T/R)2/t
′

))}dT

=

∫ c

−µh

(T + µh)wLdT +

∫ ∞

c
exp(2− (T/R)2/t

′

)(T + µh)dT

(wherec = (R ln 1/wL)
t′/2)

≤ wL(c+ µh)
2/2 + e2(c+ µh)/c ·

∫ ∞

c
exp(−(T/R)2/t

′

)TdT

≤ wLO(ln(1/wL))
t′ +O(t′2wL(t

′ + ln(1/wL))
t′−1)

≤ ǫ ·O(ln(1/ǫ))t
′

,

where the last line follows fromt′ ≤ k = O(
√

log(1/ǫ)) ≤ O(log(1/ǫ)). Then, by an application of the
Cauchy-Schwarz inequality, we have that

wL|EX∼L[hA(X)]| ≤ wLEX∼L[|hA(X)|] ≤
√

w2
LEX∼L[hA(X)]2 ≤ ǫ · O(log(1/ǫ))t

′/2).

This completes the proof of the lemma.

Lemma 7.19. If PrX∼G′|F ′ [|hA(X)| ≥ T + 1] ≤ O(exp(2 − Ω(T )2/d)) + ǫ/(2n)2t
′

), for all integersT ,

thenwE |EX∼E [hA(X)]| ≤ O(ǫ ln(1/ǫ)t
′/2).

Proof. SinceF ′ includes the filterM , we have that the support ofG′|F ′ and the support ofE includes only
x with ‖x‖2 ≤

√
2n ln(1/ǫ):

Claim 7.20. When‖x‖2 ≤
√

2n ln(1/ǫ), then|hA(x)| ≤ (2n
√

ln(1/ǫ))t.

Proof. Note thatt′ ≤ k ≤
√

2n log(1/ǫ). Using the explicit formula for the coefficientHei(x), we can
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show that for|x| ≤
√

2n ln(1/ǫ), with k ≥ i, theHei(x) is dominated by its leading coefficient:

|Hei(x)| =

∣∣∣∣∣∣

⌊i/2⌋∑

j=0

i!(−1)jxi−2j/j!(i − 2j)!2j

∣∣∣∣∣∣

≤
⌊i/2⌋∑

j=0

j!(3/2)j |x|i−2j

≤
⌊i/2⌋∑

j=0

j!(3/2)j(
√

2n ln(1/ǫ))i−2j

≤
⌊i/2⌋∑

j=0

(2n log(1/ǫ))(i−j)/2

≤ 2 · (n log(1/ǫ))i/2 .

Therefore, for anya ∈ Z
n
≥0 with

∑
i ai = t, and‖x‖2 ≤

√
2n log(1/ǫ), we have that

|ha(x)| =
n∏

i=1

|Heai(x)/
√

ai!|

≤
n∏

i=1

2
√

n log(1/ǫ)
ai

≤ (2
√

n log(1/ǫ))t .

Since‖A‖F = 1 andA hasnt′ entries, theL1-norm of the entries is at mostnt/2. Thus, we have that
|hA(x)| ≤ nt/2 · (2

√
n log(1/ǫ))t = (2n

√
log(1/ǫ))t.

We note that since

Pr
X∼G′|F ′

[|hA(X)| ≥ T + 1] ≤ O(exp(2− Ω(T )2/d)) + ǫ/(2n)2t
′

) ,

for integersT , that

Pr
X∼G′|F ′

[|hA(X)| ≥ T + 2] ≤ O(exp(2− Ω(T )2/d)) + ǫ/(2n)2t
′

) ,

for all T .
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Similarly to the proof of Lemma 7.17, we obtain:

wEEX∼E[hA(X)2] =

∫ ∞

0
TwE Pr

X∼E
[|hA(X)| > T ]dT

=

∫ (2n
√

log(1/ǫ))t

0
TwE Pr

X∼E
[|hA(X)| > T ]dT

≤
∫ (2n

√
log(1/ǫ))t

0
T min{wE , Pr

X∼G′
[|hA(X)| > T ]}dT

≤
∫ (2n

√
log(1/ǫ))t

0
T min{wE , O(exp(2− Ω(T − 2)2/t) + ǫ/Cn2t′)}dT

≤
∫ (2n

√
log(1/ǫ))t−1

−2
(T + 2)min{wE , O(exp(2− (T/R)2/t) + ǫ/Cn2t′)}dT

≤
∫ (2n

√
log(1/ǫ))t

0
O(Tǫ/(2n)2t

′

)dT +

∫ c

−2
(T + 2)wEdT

+ (c+ 1)/c ·
∫ ∞

c
O(exp(−(T/R)2/t))TdT (wherec = (R ln 1/wE)

t/2)

= (2n
√

log(1/ǫ))2t · ǫ/(2n)2t′ +O(wEc
2/2) +O(t′2wE(t

′ + ln(1/wE))
t′−1)

≤ ǫ · (4 log(1/ǫ)t + wE · O(ln 1/wE)
t

≤ ǫ · O(log(1/ǫ))t .

Then, by the Cauchy-Schwarz inequality, we conclude that

wE |EX∼E [hA(X)]| ≤ wEEX∼E[|hA(X)|] ≤
√

w2
EEX∼E[hA(X)]2 ≤ ǫ ·O(log(1/ǫ))t/2 .

This completes the proof.

As an immediate consequence, we obtain:

Corollary 7.21. There is an integer0 ≤ T ≤ O(n
√

log(1/ǫ))t such that

Pr
X∼G′|F ′

[|hA(X)| ≥ T + 1] ≥ 3 exp(2−Ω(T )2/d)) + 2ǫ/Cn2t′ .

We can now prove the following crucial lemma:

Lemma 7.22. The algorithm finds aT with

Pr
X∼G′|F ′

[|hA(X)| ≥ T + 1] ≤ 3 exp(2− Ω(T )2/d)) + ǫ/Cn2t′ .

Proof. By Corollary 7.21, such aT exists, and therefore our algorithm will find one after enumerating
O(n

√
log(1/ǫ))t possibilities.

Let F be the event that the new filter accepts. In the next iterations, we will useG′|F ′ ∩ F instead of
G′|F ′. We need to show that the parametersw

G̃
, wE andwL improve in such a way that we only need a

bounded number of iterations:

Claim 7.23. We can writeG′|F ′ ∩ F = w′
G̃
G̃ + w′

EE
′ − w′

LL
′, whereL′ andE′ have disjoint supports

w′
E , w

′
L > 0 and w′

E + w′
L ≤ wE + wL − ǫ/Cn2t′ . The probability that the filter rejects is at most

O(wE + wL − w′
E − w′

L).
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Proof. This proof is very similar to that of Claim 26 from [DKS16b]. Let ¬F be the event that the filter
rejects, i.e., that|hA(X)| ≥ T + 1. We have thatPrG′|F ′ [¬F ] ≥ 3 exp(2 − Ω(T )2/d)) + ǫ/Cn2t′ . On the

other hand, by the concentration inequality,PrG̃[¬F ] ≤ exp(2− Ω(T )2/d)). Thus, we have that

Pr
G′|F ′

[¬F ] ≥ 3Pr
G̃
[¬F ] + ǫ/Cn2t′ .

However, the defining relation betweenG′|F ′ andG̃, E andL yields for the event¬F that

Pr
G′|F ′

[¬F ] ≥ w
G̃
Pr
G̃
[¬F ] + wE Pr

E
[¬F ]− wE Pr

E
[¬F ] .

Since
Pr

G′|F ′
[¬F ] ≤ wG̃ Pr

G′
[¬F ] + wE Pr

E
[¬F ] ,

andwG̃ ≤ 1 +O(ǫ), we must have

Pr
G′|F ′

[¬F ] ≤ (2 +O(ǫ))wE Pr
E
[¬F ] ,

and
Pr
G′
[¬F ] ≤ (1/3 +O(ǫ))wE Pr

E
[¬F ].

Then, we get that
(
1− Pr

G′|F ′
[¬F ]

)
G′|F ′(x) =

(
1−

′
Pr
G

|F ′[¬F ]

)
(G′|F ′ ∩ ¬F )(x)

= wG̃G̃(x) + wE

(
1− Pr

E
[¬F ]

)
E(x) +wL

(
1− Pr

L
[¬F ]

)
L(x)− wG̃ Pr

G′
[¬F ]G̃(x) .

Thus, we have

w′
L =

wL (1− PrL[¬F ])− wG̃ PrG′ [¬F ]

1− Pr
P̃
[¬F ]

≤ wL + (1 +O(ǫ)) Pr
G′
[¬F ] +O

(
ǫPr

P̃
[¬F ]

)

≤ wL + (1/3 +O(ǫ))wE Pr
E
[¬F ] +O

(
ǫ Pr
G′|F ′

[¬F ]

)
.

Also we have

w′
E =

wE (1− PrE [¬F ])

1− PrG′|F ′[¬F ]

≤ wE

(
1− Pr

E
[¬F ]

)
+O

(
ǫ Pr
G′|F ′

[¬F ]

)
.

Thus,

wL + wE − w′
L − w′

E ≥ (2/3−O(ǫ))wE Pr
E
[¬F ]−O

(
ǫPr

P̃
[¬F ]

)

≥ (1/3−O(ǫ)) Pr
G′|F ′

[¬F ] ≥ ǫ/Cn2t′ .

Note that the penultimate inequality also gives that

Pr
G′|F ′

[¬F ] ≤ (3 +O(ǫ)) (wL + wE −w′
L − w′

E).

This completes the proof.

Proposition 7.12 now follows using induction on the iterations.
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7.3.2 Completing the Proof of Correctness

Lemma 7.24. dim(V ) ≤ O(log(1/ǫ))k .

Proof. After leaving the filter loop, for all1 ≤ t ≤ k, we have that‖P̃t‖F ≤ ǫO(log(1/ǫ))t/2. M(P̃t) has
the same Frobenius norm, and thus theL2-norm of its singular values, when considered as a matrix. Thus,
there are at mostO(log(1/ǫ))t/2 singular values bigger thanǫ. So, we have thatdim(Vt) = O(log(1/ǫ))t/2,
and sodim(V ) ≤∑k

t=1 dimVt ≤ O(log(1/ǫ))k .

Let µV be the projection ofµ onto the subspaceV . Now we can show using our moment matching
lemma that it suffices to approximateµV .

Lemma 7.25. We have that‖µV − µ‖2 ≤ O(ǫ).

Proof. Let v = (µV − µ)/‖µV − µ‖2. Note thatv is a unit vector perpendicular toV and we need to show
thatvTµ ≤ O(ǫ). We will apply Lemma 7.1 toG′′, the projectionG′ conditioned on the event that all the
filters we produced acceptF ′, ontov. Note thatG′|F ′ hasdTV (G̃,G′|F ′) ≤ O(ǫ), and so we have that
dTV (G

′′, N(0, vTµ)) ≤ O(ǫ). We can bound the expectation of the Hermite polynomials as follows, for
1 ≤ t ≤ k:

|EX∼G′′ [Het(X)/
√
t!]| = |EX∼G′ [Het(v ·X)/

√
t!]| = |P t(v, . . . , v)|

= |(v⊗t−1)TM(P t)v| ≤ ‖v⊗t−1‖2‖M(P t)v‖2
≤ 1 ·O(ǫ) .

On the other hand, we haveEX∼N(0,1)[Het(X)/
√
t!] = 0, for 1 ≤ t ≤ k. For t = 0, Het(X)/

√
t! = 1,

which has expectation1 under bothG′′ andN(0, 1). We want to consider the difference in the expec-
tations ofXt, for 1 ≤ t ≤ k. We can writext as a linear combination of Hermite polynomials,xt =∑t

i=0 aiHei(x)/
√
i. Using the orthonormality of these polynomials, we have that EX∼N(0,1)[(X

t)2] =∑
i a

2
i . On the other hand, by standard results,EX∼N(0,1)[(X

t)2] = 2tt!. Thus, we have:

|EX∼G′′ [Xt]−EX∼N(0,1)[X
t]| =

∣∣∣∣∣

t∑

i=0

ai

(
EX∼G′′ [Hei(X)/

√
i!]−EX∼N(0,1)[Hei(X)/

√
i!]
)∣∣∣∣∣

≤ O(ǫ) ·
t∑

i=0

ai

≤ O(ǫ) ·
√
t ·

√
2tt!

Note that fort ≥ 10,
√
t2tt! ≤ (t − 1)!/t. Thus, there is a constantc > 0 such that thisO(ǫ) ·

√
t ·

√
2tt!

is smaller than(t − 1)!ctǫ/t, for all 1 ≤ t ≤ k. Now we can apply Lemma 7.1 withδ = cǫ and obtain
that |vTµ| ≤ O(δ) = O(ǫ). We need to setk to be a sufficiently high multiple ofǫ

√
ln(1/ǫ) to make this

work.

It remains to analyze the rest of the algorithm and show thatµ̃V it produces is close toµV .

Lemma 7.26. We can construct a setS ⊂ V of unit vectors of sizedim(V )O(dim(V )) such that for any unit
vectorv ∈ V , there is av′ ∈ S with ‖v − v′‖2 ≤ 1/2, in timedim(V )O(dim(V )).
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Proof. Let ℓ = dim(V ). We will construct such a cover forRℓ and translate that toV by using the or-
thonormal basis forV given by the right singular vectors ofM(Pt) with singular values bigger thanǫ. We
can divide the cube[−1, 1]ℓ into ℓO(ℓ) cubes of side length1/(2

√
ℓ). For each cube, we check if it has

a corner withL2-norm≥ 1 and a corner withL2-norm≤ 1. If it does not, it does not contain any unit
vectors so we can ignore it. If the cube does contain any unit vectors, then if its center isv, we add the
normalized vectorv/‖v‖2 to S. Since there is a unit vectorv′ in the cube, and all vectors in the cube have
‖v′ − v‖2 ≤

√
ℓ‖v′ − v‖∞ ≤ 1/4, we have|‖v‖2 − 1| ≤ 1/4, and so‖v − v/‖v‖2‖2 ≤ 1/4. Thus, for any

unit vectorv′ in this cube, we have‖v′− v/‖v‖2‖2 ≤ 1/4+1/4 ≤ 1/2. Since every unitv′ is in some cube
whose normalized center we added toS, we are done.

Firstly, we note that in order to approximatevTµ, it is sufficient to find anx with PrX∼G′ [vTX ≥ x] =
1/2 +O(ǫ):

Lemma 7.27. For all x ∈ R with |PrX∼G′ [vTX ≥ x]− 1/2| ≤ 3ǫ, we have that|vTµ− x| ≤ O(ǫ) .

Proof. First note that the pdf of̃G projected ontov hasG(x−vTµ) ≥ 1/2 for all x with |x−vTµ| ≤ O(ǫ).
Supposing that|x − vTµ| ≥ 8ǫ, we have that|Pr

X∼G̃
[vTX ≥ x] − 1/2| ≥ 4ǫ, and so|PrX∼G′ [vTX ≥

x]− 1/2| ≥ 4ǫ− dTV (G
′, G̃) ≥ 3ǫ.

To show that we can find such a point by bisection, we need to show that there is an interval of such
points of reasonable length where we are looking for them:

Lemma 7.28. Given a unit vectorv ∈ R
n, there is an interval[a, b] such that

• for all x ∈ [a, b], we have that|PrX∼G′ [vTX ≥ x]− 1/2| ≤ 2ǫ,

• b− a = Θ(ǫ),

• and |a|, |b| ≤ O(ǫ
√

log 1/ǫ).

Proof. We can take[a, b] to be the set ofx with |PrX∼G̃[v
TX ≥ x] − 1/2| ≤ ǫ. This is an interval since

PrX∼G̃[v
TX ≥ x] is monotone. Allx in it have |PrX∼G′ [vTX ≥ x] − 1/2| ≤ ǫ + dTV (G

′, G̃) ≤ 2ǫ.
Thus, by the previous lemma,|b − vTµ|, |a − vTµ| ≤ O(ǫ) and thus|b − a| ≤ O(ǫ), and since|vTµ| ≤
O(ǫ

√
log 1/ǫ), we have that|a|, |b| ≤ O(ǫ

√
log 1/ǫ).

Thus, we obtain:

Lemma 7.29. Given a unit vectorv ∈ R
n, we can find anmv with |vTµ−mv| ≤ O(ǫ) usingO(log log 1/ǫ)

statistical queries of precisionǫ/2.

Proof. We use bisection to find a point where our SQ approximationp̃ toPrX∼G′ [vTX ≥ x] is within 5ǫ/2
of 1/2. If we find such a point, it has|vTµ −mv| ≤ O(ǫ), by Lemma 7.27. Lemma 7.28 yields that there
is an interval[a, b] of lengthO(ǫ) containing such points in the interval|x| ≤ O(ǫ

√
log(1/ǫ)). Indeed, if

our test pointx hasp̃ > 1/2 + 5ǫ/2, thenx > b and if p̃ < 1/2 − 5ǫ/2, thenx < a. Thus,[a, b] remains a
subinterval of the interval we are considering.

We now have thatµv is a feasible point of the LP considered in Step 11. The following lemma completes
the proof:

Lemma 7.30. Any feasible point of the LP considered in Step 11,µ̃V has‖µV − µ̃V ‖2 ≤ O(ǫ).
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Proof. Consider the vectorv = (µV − µ̃V )/‖µV − µ̃V ‖2. Note thatv is in V , sinceµC , µ̃V are. Since
v is a unit vector inV , there is av′ ∈ S with ‖v − v′‖2 ≤ 1/2. Since µ̃V is a solution to the LP,
v′T (µV − µ̃V ) ≤ O(ǫ). Thus, we have that

‖µV − µ̃V ‖2 = vT (µV − µ̃V )

= v′T (µV − µ̃V ) + (v − v′)T (µV − µ̃V )

≤ O(ǫ) + ‖µV − µ̃V ‖2/2 .

Therefore,‖µV − µ̃V ‖2 ≤ O(ǫ), as required.

Proof of Theorem 7.7.Since the LP has a feasible point, we can find such a pointµ̃V that has‖µV −µ̃V ‖2 ≤
O(ǫ). By the previous lemma, we have that‖µV −µ‖2 ≤ O(ǫ). Thus, the algorithm is correct. All statistical
queries are of the claimed precision. We need to get bounds onthe running time and number of statistical
queries.

Step 2 that uses the algorithm from [DKK+16b], takespoly(n/ǫ) time and statistical queries. Finding
P̃t, for each1 ≤ t ≤ k, takesnt statistical queries, givingnO(k) time total. There are at mostO(n2k)
iterations of the loop. Each iteration takespoly(n/ǫ) time and statistical queries to findT , andnt statistical
queries to recomputẽPt. It suffices to compute the SVD to within Frobenius norm1/poly(n/ǫ), which takes
timepoly(n/ǫ). The setS has sizedim(V )O(dim(V )) = log(1/ǫ)kO(log(1/ǫ))k = 2log(1/ǫ)

O(k)
. Computing it

takes time2log(1/ǫ)
O(k)

. Approximating the medians takes2log(1/ǫ)
O(k)

statistical queries and time. The LP
has2log(1/ǫ)

O(k)
constraints andlog(1/ǫ)O(k) variables. The size of the LP is2log(1/ǫ)

O(k)
bits, and so with a

polynomial time LP solver, we can get2log(1/ǫ)
O(k)

time.
We thus have that the total time and statistical queries are both at most

nO(k)poly(1/ǫ) + 2log(1/ǫ)
O(k)

= nO(
√

log(1/ǫ)) + 2log(1/ǫ)
O(

√
log(1/ǫ))

.
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Appendix

A Sample Complexity Upper Bound for Learning GMMs

In this section, we show that learning ak-mixture ofn-dimensional Gaussians to variation distance errorǫ
is easy information theoretically. In particular, we have:

Theorem A.1. Givenǫ > 0 and positive integersk andn, there exists an algorithm that, given a probability
distributionP which is ak-mixture ofn-dimensional Gaussians, takesO(n2k3 log2(k)/ǫ5) samples fromP
and with probability at least2/3 returns a distributionQ with dTV (P,Q) < ǫ.

Note that the algorithm given in Theorem A.1 will not be computationally efficient.
The basic idea of Theorem A.1 will be to make many guesses as tothe mixture, at least one of which

is close, and then run a tournament to find the true answer. We approximate the mixture by first guessing
approximations to the weights and then approximating each individual Gaussian. If we had polynomially
many samples from a single part of the mixture, it would be easy to learn:

Lemma A.2 (Folklore). Let G be ann-dimensional Gaussian, and letδ > 0. There exists a polynomial
time algorithm that, givenO(n2/δ2) independent samples fromG, returns a probability distributionP so
that, with probability at least2/3, dTV (G,P) < δ.

Note that we can easily improve the success probability in Lemma A.3 to1−δ at the cost of multiplying
the sample complexity bylog(1/δ). In particular, we have:

Corollary A.3. LetG be ann-dimensional Gaussian, and letǫ > 0. There exists a polynomial time algo-
rithm that givenM independent samples fromG returns a probability distributionP so that with probability
at least1− exp(−Ω(Mǫ2/d2)), we havedTV (G,P) < ǫ.

Unfortunately, we cannot simply run this algorithm for eachcomponent in our mixture, since we do not
know which samples come from which component. However, if wemanage to correctly guess where each
sample comes from this will not be an issue.

Proposition A.4. Givenǫ > 0 and positive integersk andn, there exists an algorithm that given a proba-
bility distributionP, which is ak-mixture ofn-dimensional Gaussians, andΘ(n2k3 log(k)/ǫ3) independent
samples fromP, returns a set ofexp(O(n2k3 log2(k)/ǫ3)) distributionsQi so that with probability at least
2/3 there exists ani so thatdTV (Pi,Qi) < ǫ.

Proof. If our algorithm is givenN samples, it will return aqi for each functionf : [N ] → [k]. Intuitively, f
encodes our guess as to which sample came from which component of the mixture. Note that there are only
exp(N log(k)) many suchf ’s.

The algorithm is quite simple. Lets1, s2, . . . , sN be our samples, and letSi = {sj : f(j) = i}. Letting
A be the algorithm from Corollary A.3 withδ taken to beǫ/(10k), we let

Qf =

k∑

i=1

( |Si|
N

)
A(Si).

We claim that at least one of these works with probability2/3.
In particular, letP be the mixture

∑k
i=1wiGi. Consider the case wheref correctly guesses which part

of the mixture each sample was taken from. In particular,f(i) = j if and only if si was taken fromGj . We
claim that, with probability at least2/3, this choice off leads todTV (Qf ,P) < ǫ. We will henceforth use
Si to denote the set of samples actually taken from theith component of the mixture.
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Firstly, note that by standard concentration bounds, we have that
∣∣∣ |Si|
N − wi

∣∣∣ < ǫ/(10k), for all i, with

probability at least9/10.
Secondly, note that after conditioning on which samples ofP were taken form which part, the samples

themselves are independent samples from the appropriateGi’s, that with probability at least9/10 we have
thatdTV (Gi, A(Si)) < ǫ/(10k) for all i with |Si| ≫ n2k2 log(k)/ǫ2.

We claim that if both of the above conditions hold (which happens with probability at least2/3) that
dTV (P,Qf ) < ǫ. Letting S be the set of indicesi so thatwi < ǫ/(5k), we note that fori 6∈ S that
|Si| ≫ n2k2 log(k)/ǫ2. We then have that

dTV (P,Qf ) =
1

2

∣∣∣∣∣

k∑

i=1

wiGi −
k∑

i=1

( |Si|
N

)
A(Si)

∣∣∣∣∣
1

≤ 1

2

k∑

i=1

∣∣∣∣wiGi −
( |Si|

N

)
A(Si)

∣∣∣∣
2

≤ 1

2

k∑

i=1

∣∣∣∣wi −
( |Si|

N

)∣∣∣∣+
1

2

k∑

i=1

max

(
wi,

( |Si|
N

))
|Gi −A(Si)|1

≤ ǫ/20 +
1

2

∑

i∈S
(wi + ǫ/(10k))|Gi −A(Si)|1 +

∑

i 6∈S
dTV (Gi, A(Si))

≤ ǫ/20 +
1

2

∑

i∈S
3ǫ/(10k) +

∑

i 6∈S
ǫ/(10k)

≤ ǫ/20 + 3ǫ/20 + ǫ/20

< ǫ .

This completes the proof.

Theorem A.1 now follows immediately form a standard tournament argument (see, e.g. [DL01, DDS12b]).

B Sample Complexity Upper Bound for Parameter Estimation ofSeparated GMMs

Next we consider the more complicated task of parameter estimation. In particular, given samples from a
distributionP =

∑k
i=1 Gi, where eachGi is a weighted Gaussian, we would like to learn a distribution

Q that is not only close toP but that can be written asQ =
∑k

i=1Hi with ‖Hi − Gi‖1 small for all i.
Now, in general, this task will require number of samples exponential ink, simply because there are pairs
of mixtures that areǫΩ(k)-close in variation distance and yetǫ-far in terms of their individual components.
However, we will show that if the components are separated, this cannot be the case and thus learning the
distribution in variation distance will be sufficient.

Before we begin, we need to clarify our notion of separation.Given two pseudo-distributions,p andq,
we define their overlap asV (p, q) :=

∫
min(dp, dq). We should note that ifp andq are honest distributions,

thendTV (p, q) = 1− V (p, q). We have the following theorem:

Theorem B.1. There exists a constantC so that if we have two mixturesp =
∑k

i=1 Gi andq =
∑k

i=1 Hi,
wherep andq are normalized distributions withHi, Gi weighted Gaussians, such thatdTV (p, q) < (δ/k)C

for some sufficiently smallδ > 0, and so that for anyi 6= j, V (Gi, Gj), V (Hi,Hj) < (δ/k)C , then there
exists a permutationπ : [k] → [k] so that‖Gi −Hπ(i)‖1 < δ for all i.

We begin by producing a proxy for the overlap between distributions. In particular, for pseudo-distributions
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p andq, we define

h(p, q) = − log

(∫ √
dpdq

)
.

Notice that ifp andq are true distributions, this is related to the Hellinger distance byH(p, q) = 2(1 −
e−h(p,q)). We also note the relationship to the overlap:

Lemma B.2. If p andq are pseudo-distributions withL1 norm at most1, then

V (p, q) = exp(−Θ(h(p, q)) +O(1)) .

Proof. On the one hand, there is an easy upper bound

V (p, q) =

∫
min(dp, dq) ≤

∫ √
dpdq = exp(−h(p, q)).

The lower bound is by Cauchy-Schwarz

exp(−h(p, q)) =

∫ √
dpdq ≤

(∫
min(dp, dq)

)1/2(∫
max(dp, dq)

)1/2

≤
√

2V (p, q).

This completes our proof.

Ideally we would like to show thath is nearly a metric for Gaussians. Namely thath(A,C) =
O(h(A,B) + h(B,C)). This would imply thatHi could not have large overlap with more than oneGj ,
since ifV (Hi, Ga) andV (Hi, Gb) were both large, thenh(Hi, Ga), h(Hi, Gb) would be small and there-
fore,h(Ga, Gb) would be small. This would contradict our assumption thatGa andGb have small overlap.
Unfortunately, this is not true. In one dimension, a very wide Gaussian may have non-trivial overlap with
two narrow Gaussians with widely separated means, neither of which overlaps the other substantially. We
will need to develop techniques to deal with this circumstance.

To do this, we introduce an intermediate notation. IfGi = wiN(µi,Σi) are weighted Gaussians, we
define

hΣ(G1, G2) := h(N(0,Σ1), N(0,Σ2)).

This is useful because it does satisfy an approximate triangle inequality.

Proposition B.3. For F,G,H weighted Gaussians, we have that

hΣ(F,H) = O(hΣ(F,G) + hΣ(G,H)).

Before we prove this, we will first need to find an approximation tohΣ.

Lemma B.4. If G andH are weighted Gaussians with covariance matricesA andB respectively, then

hΣ(G,H) = Θ
(
Σλ eigenvalue ofB−1/2AB−1/2 min(| log(λ)|, | log(λ)|2)

)
.

Proof. By making an appropriate change of variables, we can assume thatH has identity covariance andG
has covarianceB−1/2AB−1/2. Thus, it suffices to consider the case whereB = I. In this case, we may

58



diagonalizeA to getA = diag(λi). We then have that

hΣ(G,H) = h(N(0, A), N(0, I))

= − log

(
(2π)−n/2

n∏

i=1

λ
−1/4
i

∫
exp

(
−

n∑

i=1

x2i /2(1/(2λi) + 1/2)

)
dx

)

= − log

(
n∏

i=1

λ
−1/4
i ((1 + λ−1

i )/2)−1/2

)

=
n∑

i=1

log(λi)/4 + log((1 + λ−1
i )/2)/2.

We claim that
log(λ)/4 + log((1 + λ−1)/2)/2 = Θ(min(| log(λ)|, | log(λ)|2)).

To see this note that whenλ = 1 + ǫ for small values ofǫ, the left hand side above is

(ǫ/4 − ǫ2/8 +O(ǫ3)) + (−ǫ/4 + 3ǫ/16 +O(ǫ3)) = ǫ2/16 +O(ǫ3) = Θ(ǫ2).

On the other hand, whenλ ≫ 1, this is asymptotic to| log(λ)|/4, and whenλ ≪ 1, it is similarly asymptotic
to− log(λ)/4. Finally, since it is easily verified thatlog(λ)/4+log((1+λ−1)/2)/2 is never0 unlessλ = 1,
this proves the claim, from which our lemma follows easily.

We will also need the following fact about eigenvalues of a product of matrices:

Lemma B.5. LetA andB be symmetric matrices with eigenvaluesν1 ≥ ν2 ≥ . . . ≥ νn > 0 andµ1 ≥
µ2 ≥ . . . ≥ µn > 0, respectively. Letλ1 ≥ λ2 ≥ . . . ≥ λ2n > 0 be the sorting of theνi andµi together.
LetM be a matrix withMTM = A. Then, thekth largest eigenvalue ofMTBM is at mostλ2

k.

Proof. We need to show that there is an(n − k + 1)-dimensional subspaceV so that forv ∈ V we have
thatvA1/2BA1/2v ≤ λ2

k|v|2. Suppose thatλ1, . . . , λk−1 containsm of theνi andk −m− 1 of theµi. Let
V be the subspace of vectorsv so thatv is perpendicular to the topm eigenvectors ofA and so thatA1/2v
is perpendicular to the topm− k − 1 eigenvalues ofB. Then

vMTBMv ≤ λk|Mv|2 = λkvAv ≤ λ2
k|v|2.

This completes the proof.

We are now ready to prove Proposition B.3.

Proof. Let F,G,H have covariance matricesA,B,C respectively. LetΣ1 = A−1/2BA−1/2, Σ2 =
B−1/2CB−1/2 andΣ3 = A−1/2CA−1/2 = (A−1/2B1/2)Σ2(B

1/2A−1/2). Let the eigenvalues ofΣi be

λ
(i)
1 ≥ λ

(i)
2 ≥ . . . ≥ λ

(i)
n > 0. Let f(x) = max(0,min(log(x), log2(x))). We have by Lemma B.4 that

hΣ(F,G) = Θ

(
n∑

i=1

f(λ
(1)
i ) + f(1/λ

(1)
i )

)
,

hΣ(G,H) = Θ

(
n∑

i=1

f(λ
(2)
i ) + f(1/λ

(2)
i )

)
,

hΣ(F,H) = Θ

(
n∑

i=1

f(λ
(3)
i ) + f(1/λ

(3)
i )

)
.
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On the other hand, Lemma B.5 says thatλ
(3)
i is at most the square of theith largest of theλ(1)

j andλ(2)
j .

Therefore,
n∑

i=1

f(λ
(3)
i ) = O

(
n∑

i=1

f(λ
(1)
i ) +

n∑

i=1

f(λ
(2)
i )

)
.

Similarly, by considering the inverses of these matrices, we find that

n∑

i=1

f(1/λ
(3)
i ) = O

(
n∑

i=1

f(1/λ
(1)
i ) +

n∑

i=1

f(1/λ
(2)
i )

)
.

Together these complete the proof.

In addition to this, we need to know what else contributes toh(G,H). We define

hµ(G,H) = h(G,H) − hΣ(G,H).

We make the following claim:

Proposition B.6.

hµ(w1N(µ1,Σ1), w2N(µ2,Σ2)) = −1/2 log(w1w2)+inf
x
((x−µ1)Σ

−1
1 (x−µ1)+(x−µ2)Σ

−1
2 (x−µ2))/4.

Proof. We have that

h(w1N(µ1,Σ1), w2N(µ2,Σ2))

=− 1/2 log(w1w2)− log

(∫
(2π)−n/2(det(Σ1Σ2))

−1/4 exp(−((x− µ1)Σ
−1
1 (x− µ1) + (x− µ2)Σ

−1
2 (x− µ2))/4)dx

)
.

Lettingx0 achieve the minimum value of((x− µ1)Σ
−1
1 (x− µ1) + (x− µ2)Σ

−1
2 (x− µ2))/4, this is

−1/2 log(w1w2) + ((x0 − µ1)Σ
−1
1 (x0 − µ1) + (x0 − µ2)Σ

−1
2 (x0 − µ2))/4

+ log

(∫
(2π)−n/2(det(Σ1Σ2))

−1/4 exp(−(x− x0)(Σ
−1
1 +Σ−1

2 )(x− x0)/4)dx

)
.

Noting that the term at the end is simplyhΣ(w1N(µ1,Σ1), w2N(µ2,Σ2)) completes the proof.

We need one further proposition from which Theorem B.1 will follow easily.

Proposition B.7. Under the assumptions of Theorem B.1, for eachi there exists at most onej so that
h(Gi,Hj) > (δ/k)

√
C .

To prove this, we will need one further lemma:

Lemma B.8. If h(Gi,Hj) > (δ/k)
√
C , with ΣG andΣH the covariance matrices of the corresponding

Gaussians, then forA a sufficiently large constant (independent ofC) ΣG ≤ AΣH .

Proof. Suppose for sake of contradiction that this is not the case. By making a change of variables, we can
assume thatΣG = I. This means thatΣH has some eigenvectorv with eigenvalue less than1/A. LetH ′ be
Hj translated byC1/4

√
log(k/δ) in the direction closer to the mean ofGi. We have that

h(Hj ,H
′) = hµ(Hj ,H

′) = Θ(A
√
C log(k/δ)).
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Therefore,V (Hj,H
′) = (δ/k)Ω(A

√
C). On the other hand,

h(Gi,H
′) = hΣ(Gi,H

′) + hµ(Gi,H
′)

≤ hΣ(Gi,H) +O(
√
C log(k/δ))

≤ h(Gi,H) +O(
√
C log(k/δ))

= O(
√
C log(k/δ)).

This means thatV (G,H ′) = (δ/k)O(
√
C).

This means thatp =
∑

ℓGℓ hasV (p,H ′) = (δ/k)O(
√
C), and sincep is close toq =

∑
ℓHℓ, there must

be someℓ so thatV (H ′,Hℓ) > (δ/k)O(
√
C). Note thatℓ here cannot bej. On the other hand, this implies

that

h(Hj ,Hℓ) = hΣ(Hj,Hℓ) + hµ(Hj ,Hℓ)

≤ hΣ(H
′,Hℓ) +O(hµ(H

′,Hℓ) +A
√
C log(k/δ))

≤ O(h(H ′,Hℓ) +A
√
C log(k/δ))

= O(A
√
C log(k/δ)).

Therefore,V (Hℓ,Hj) = (δ/k)O(A
√
C), which forC ≫ A2 contradicts our assumptions. This completes

the proof.

We are now prepared to prove Proposition B.7.

Proof. Suppose for sake of contradiction thatV (Gi,Hj), V (Gi,Hℓ) > (δ/k)
√
C for somej 6= ℓ. Then, by

Lemma B.8, we have that all of the covariance matrices ofGi,Hj ,Hℓ are comparable to each other (namely
each is no more than a constant multiple of any other). We claim that this implies thathµ(Hj ,Hℓ) =
O(hµ(Hj , Gi) + hµ(Hℓ, Gi) +

√
C log(k/δ)). This is because, lettingΣG be the covariance matrix ofGi,

and lettingwG = |Gi|1, wH = |Hj|1, w′
H = |Hℓ|1, we have the following: First, each ofwG, wH , w′

H =
exp(O(

√
C log(δ/k))), because each distribution has large overlap with some other. Next, we have that

hµ(Gi,Hj) = O(
√
C log(δ/k)) + inf

x
Θ((x− µGi)ΣG(x− µGi) + (x− µHj )ΣG(x− µHh

)

= O(
√
C log(δ/k)) + Θ((µGi − µHj)ΣG(µGi − µHj)).

Similarly,
hµ(Gi,Hℓ) = O(

√
C log(δ/k)) + Θ((µGi − µHℓ

)ΣG(µGi − µHℓ
)),

and
hµ(Hj ,Hℓ) = O(

√
C log(δ/k)) + Θ((µHj − µHℓ

)ΣG(µHj − µHℓ
)).

This implies that
hµ(Hj,Hℓ) = O(hµ(Hj, G) + hµ(G,Hℓ)).

Therefore, we have that

h(Hj ,Hℓ) = hΣ(Hj,Hℓ) + hµ(Hj,Hℓ)

= O(hΣ(Hj , G) + hµ(Hj, G) + hΣ(G,Hℓ) + hµ(G,Hℓ))

= O(h(Hj , G) + h(G,Hℓ))

= O(log(1/V (Hj, G)) + log(1/V (G,Hℓ)))

= O(
√
C log(k/δ)).
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However, this implies thatV (Hj,Hℓ) = (δ/k)O(
√
C), a contradiction.

This completes our proof.

We are now ready to prove Theorem B.1

Proof. For eachGi that has overlap more than(δ/k)
√
C with someHj, letπ(i) be thatj. For otheri, define

π(i) arbitrarily subject toπ being a permutation.
Note thatV (Gi,Hj) < (δ/k)

√
C for anyj 6= π(i). Also note that

V (Gi, q) ≥ V (Gi, p)− |p− q|1 = |Gi|1 − 2(δ/k)C .

On the other hand,

V (Gi, q) ≤
∑

j

V (Gi,Hj)

≤ V (Gi,Hπ(i)) +
∑

j 6=π(i)

V (Gi,Hj)

≤ V (Gi,Hπ(i)) + δ/3.

ThereforeV (Gi,Hπ(i)) ≥ |Gi|1 − δ/2. It is also at most|Gi|1 − δ/2. On the other hand|Gi −Hπ(i)|1 =
|Gi|1 + |Hπ(i)|1 − 2V (Gi,Hπ(i)) ≤ δ. This completes the proof.

C Testing the Mean of a High-Dimensional Gaussian

Theorem C.1. There exists an algorithm that givenk = O(
√
n/ǫ2) samples from ann-dimensional Gaus-

sianG = N(µ, I) distinguishes between the cases

• µ = 0

• ‖µ‖2 > ǫ

with probability at least2/3.

Proof. The tester is fairly simple. LetXi be theith sample, and let

Z :=
1√
k

n∑

i=1

Xi.

The algorithm returns “YES” if|Z|22 < ǫ2k/2 + n and “NO” otherwise.
To show correctness, note thatZ is distributed asN(µ

√
k, I). If µ = 0, then |Z|22 has meann and

varianceO(n), and so is less thann + ǫ2k/2 with probability at least2/3, assuming thatk is a sufficiently
large multiple of

√
n/ǫ2. On the other hand, if‖µ‖2 > ǫ, we note that|Z|22 has meann + k‖µ‖22 and

varianceO(n) + O(
√
k‖µ‖2). Thus, ifk‖µ‖22 ≫ √

n, the algorithm rejects with probability2/3. Again,
this happens if‖µ‖22 > ǫ andk is a sufficiently large multiple of

√
n/ǫ2.

We also note that this tester can be implemented in the SQ model simply by verifying that each
coordinate-wise median has absolute value less thanǫ/

√
n, which can be verified by showing thatPr(xi >

0) = 1/2 +O(ǫ/
√
n).

We also show that the tester above is sample-optimal, up to a constant factor:

Theorem C.2. There is no algorithm that givenk = o(
√
n/ǫ2) samples from ann-dimensional Gaussian

G = N(µ, I) distinguishes between the cases
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• µ = 0

• ‖µ‖2 > ǫ

with probability at least2/3.

Proof. Suppose for sake of contradiction that such an algorithm does exist. Consider the following scenario:
Let µ be taken from the distributionN(0, (2ǫ/

√
n)I). Note that‖µ‖2 > ǫ with probability at least9/10.

LetY1, Y2, . . . , Yk be independent samples taken fromN(µ, I). And letZ1, . . . , Zk be independent samples
from N(0, I). Assuming that our algorithm exists, it can distinguish between a sample fromY1, . . . , Yk

and a sample fromZ1, . . . , Zk with probability better than1/2. This means that these distributions must
have constant variational distance. However, note that thevector (Z1, . . . , Zk) is simply a standardnk-
dimensional Gaussian. The vector(Y1, . . . , Yk) on the other hand is annk-dimensional Gaussian with mean
0 and with

Cov(Yab, Ycd) =





1 + 2ǫ2/n if ab = cd

2ǫ2/n if b = d anda 6= c

0 otherwise.

By standard results,G′ = N(0,Σ) has constant variational distance fromN(0, I) if and only if‖Σ−I‖F ≫
1. TakingΣ to be the covariance matrix for theY ’s, we have that

‖Σ− I‖2F = nk(2ǫ/
√
n)2 = 4kǫ2/n = o(1) .

This implies that the distribution onY ’s is close, in total variation distance, to the distribution onZ ’s, and
gives a contradiction.
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