
Ergodic Properties of Group 

Extensions of Rank 1 

Transformations Part II

Conditions for Double Ergodicity 

of Consistent Transformations



Consistent Transformations

Pick an Abelian group G and a natural number n. 

Pick an element 
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With g0=0.

We define a Rank |G| Transformation, T, in the 

following way: 

We begin with columns C0,g indexed by the 

elements of G, each consisting of a single level of 

mass 1.



We define later columns inductively.  If we have that
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then we cut each level, into n equal pieces

Then we define:

Where        is a spacer level.
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In other words, our new columns are constructed like 

so:
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We work to prove the following Theorem:

Theorem 1: The transformation T is Doubly Ergodic 

if and only if the following conditions hold:
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GZ  for all N.
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Some Machinery Involving Copies 

of Columns
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Let PN,M(g,i) be the (i+1)st copy from the bottom of a 

generation-N column appearing in column CM,g.

Lemma 2: If  where , then PN,M(g,i) 

is a copy of 
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Proof: (By induction on k)

The statement clearly holds for j=-1 (i.e. M=N).  We 

have that
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Which by our inductive hypothesis implies that it is 

a copy of






k

j
jdggN

C

0

,



Lemma 3: The number of spacers between copies 
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Proof: We first show by induction on l, that the 

number of spacers above the last copy of a column 

from l generations before is .1nls

gNC ,

Last copy of a column from 

generation-(N-1) ends in (l-1)sn-1

spacers

sn-1 spacers



gNC ,

Generation(N-k+l-1)

columns

1lds spacers

So these copies are in the same generation-(N-k+l)

Column.  Furthermore, there are spacers 

between the copies of generation-(N-k+l-1) columns 

they are in.

1lds

1nls spacers

Copies of interest



Heuristics Behind the Conditions

We can now discuss the ideas that led to the 

conditions in Theorem 1.

Condition 1 states that the gi generate G.  This is 

important because by Lemma 2, columns can only 

mix with other columns where the difference G-

indices is spanned by the gi.



Condition 2 is important for the following reason:

Given copies C and C’ of CN,g and CN,g’ respectively 

in some column of later generation, then let   
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corresponds to the contribution to this 

quantity obtained by changing the digit 

i in the base-n representation of the 

copy’s index to the digit (i+1)

),( 11   nn gs

Corresponds to the contribution to this 

quantity by altering the base-n 

representation of the index by changing 

an (n-1) to a 0 and incrementing the next 

digit.



Necessity of the Conditions

Lemma 4: If condition 1) is not satisfied, then T is 

not ergodic.

Proof: Suppose that the gi generate a proper 

subgroup H of G.  Then, by Lemma 2, the column 

CN,g can only contain copies of columns whose G-

index is in the same coset of H as g is.  Therefore, 

there is no n so that 0))(( ',0,0  gg

N CCT

If g and g’ are from different cosets of H.  

Therefore, T is not ergodic.



Lemma 5: If condition 2) is not satisfied, then T is not 

totally ergodic (i.e. some power of T is not ergodic)

Proof: Suppose that

Hggshgsspan iiiNnn   )},(),,{( 111 and that

)0,(})0{( DZZH  for D>1.

It is not hard to show that HBA  ),(
for all copies, A and B of generation-N columns.

Consider the bottom two levels in CN,0.  If there is 

some power of TD that takes one to the other, there 

would have to be two copies of CN,0 in some later 

generation column separated by 

TmD-1.



But then these copies, C1 and C2 would have the 

property that .)0,1(),( 21 HmDCC 

This contradicts the fact that we just showed, and 

proves our Lemma.



Sufficiency of Conditions

Lemma 6: If condition 1 is satisfied, then T is 

ergodic.

Sketch of Proof: For sets A and B of positive 

measure, we may approximate them by levels I and 

J.  By condition 1, we may find copies of these 

levels in the same column.  We may use double 

approximation to find copies of I and J with the 

same separation that are sufficiently full of A and B, 

that when we use the same technique to find copies 

in the same column, we find two levels in the same 

column that are more than half-full of A and B.



Lemma 7: If conditions 1 and 2 are satisfied, then T 

is totally ergodic.

Sketch of Proof: If D>0 is an integer and A, B are 

sets of positive measure, then by Lemma 6, we may 

find levels I and J in the same column that are more 

than half-full of A and B.  Suppose that the power of T 

that separated these levels is congruent to r modulo 

D.  We need to find two copies of columns so that
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Using condition 2, we can grantee that this will 

happen with copies of a column that are some fixed 

number of generations later.  Then we can use 

double approximation to find copies of I and J that 

have the same separation and are sufficiently full of A 

and B, that when we create these new copies, we 

find two levels separated by a power of TD and are 

more than half-full of A and B.



Lemma 8: Conditions 1 and 2 imply that T is doubly 

ergodic

Sketch of Proof: For any A and B of positive 

measure, let D be a number given to us by a 

technical Lemma.  Since TD is ergodic by Lemma 7, 

we may find intervals I and J each at least half-full of 

A and B so that for some m, TmD(I) = J.  We can 

then use double approximation to find intervals I’ 

and J’ with the same separation as I and J that are 

full enough of A and B so that we can find two pairs 

of copies of our column where for some n, Tn sends 

one copy of I’ to the corresponding copy, and 

another copy of I’ to the corresponding copy of J’.  

And so these copies are at least half-full.



Remarks
This result can be extended to show that T is power 

weakly mixing under the same conditions

It can also be extended to a larger class of 

transformations where the procedure for obtaining a 

column from those of the previous generation varies 

in a predictable way.


