SAT;, is not recursive

We focus here on the very basic property of finite satisfiability. We show that it is
undecidable whether an FO sentence has a finite model.
To prove this result, we use a reduction of the Post Correspondence Problem (PCP)
to the finite satisfiability problem for FO.
Before proceeding, we briefly recall the PCP. The input to the PCP consists of two
lists
ULy ...y Upj Vi, ..., Un;

of words over some alphabet ¥ with at least two symbols. A solution to the PCP is a
sequence of indices i1, ...,4x, 1 < i; < n, such that

Uiy - - Uy = Vjy - - - Vg, -

The question of interest is whether there is a solution to the PCP. For example, consider
the input to the PCP problem:

(751 (75) us Ugq 1 ()] U3 V4
aba bbb aab bb a aaa abab babba

For this input, the PCP has the solution 1,4, 3,1; since
urususu; = ababbaababa = viv4v3v1 .

Now consider the input consisting of just ui,us,us and vy,v2,v3. An easy case analysis
shows that there is no solution to the PCP for this input. In general, it has been shown
that it is undecidable whether, for given input, there exists a solution to the PCP.

Theorem 0.0.1 Finite satisfiability of FO sentences r.e. but not recursive.

Proof: To see that the problem is r.e., imagine an algorithm that, when given a
sentence g over R as input, generates all instances I over R and tests ¢(I) = ) until a
nonempty answer if found.

To show that satisfiability is not recursive, we reduce the PCP to the satisfiability
problem. In particular, we show that if there were an algorithm for solving satisfiability,
then it could be used to construct an algorithm that solves the PCP.

Let P = (41, Un; V1, -, V) be an instance of the PCP, i.e., a pair of sequences
of nonempty words over alphabet {0,1}. We describe now an FO sentence ¢p with the
property that ¢p is satisfiable iff P has a solution.

We shall use a relation schema R having relations ENC(ODING) with sort! [A, B, C, D, E]
and SYNCH(RONIZATION) with sort [F,G]. The a sentence gp shall use constants

{0717$7cl7"'Jcn7d17"'7dn}'

'In this proof, following database theory terminology, relations have named columns called attributes.
The sort of a relation is the set of its attributes.




ENC|A B C D E
$ ay 0 C1 d1
a; Qs 1 C1 dz SYNCH | F G
as as 1 C1 dz
az Qa4 0 C2 d3 $ $
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Figure 1: Encoding of a solution to PCP

(The use of multiple relations and constants is largely a convenience; the result can be
demonstrated using a single ternary relation and no constants. )
To illustrate the construction of the algorithm, consider the following instance of the
PCP:
up =011, uy =011, ug3 =0; wv; =0, vy =11, v3 = 01100.

Note that s = (1,2, 3,2) is a solution of this instance, i.e., that
UijuUzUuUy = 0110110011 = V1V2V3V3.

Figure 1 shows an input instance Iy over R which encodes this solution, and which
satisfies the a sentence ¢p constructed shortly.

In the relation ENC' of this figure, the first two columns form a cycle, so that the
10 tuples can be viewed as a sequence rather than a set. The third column holds a
listing of the word w = 0110110011 that witnesses the solution to P; the fourth column
describes which words of sequence (u1, ..., u,) are used to obtain w; and the fifth column
describes which words of sequence (vy,...,v,) are used. The relation SYNCH is used
to “synchronize” the two representations of w, by listing the pairs corresponding to the
beginnings of new u-words and v-words.

The formula ¢p constructed now includes subformulas to test whether the various
conditions just enumerated hold on an input instance. In particular,

Y = QPENC-key A Peycle A PSYNCH-keys A Qu-encode N Puv-encode N Pu-v-synch
where, speaking informally,

YENC-key States that the first column of ENC is a key, that is, each value occurring in
the A column occurs in exactly one tuple of ENC'.



Qeyele States that the first two columns of ENC hold a cycle, with length > 1, which
has the constant $ occurring in it.

PSYNCH-keys States that both the first and second columns of SYNCH are keys.

Pu-encode States that for each value x occurring in the first column of SYNCH, if tuple
(®1,y1,21,¢i,dj,) is in ENC then there are at least |u;| — 1 additional tuples in
ENC “after” this tuple, all with value ¢; in the fourth coordinate, and if these
tuples are

(T2,Y2, 22, Ciy djy ) - - ATk> Yk Zks Ciy djy )
then: 21 ...z, = u;; none of z, ...,z occurs in the first column of SYNCH; and
if y # § then the A value “after” xj occurs in the first column of SYNCH.

Py-encode 18 analogous tO Yu-encode-

Pu~v-synch States that (i) ($,8) is in SYNCH, (ii) if a tuple (z,y) is in SYNCH, then
the associated u-word and v-word have the same index, and (iii) if a tuple {(z,y) is
in SYNCH, and either z or y are not the “maximum” A value occurring in F' or
G, then there exists a tuple (z',y') in SYNCH, where ' is the first A value “after”
x occurring in F' and g’ is the first A value “after” y occurring in G. Finding the
A values “after” x and y is done as in Yy-encode-

The constructions of these formulas are relatively straightforward; we give two of
them here and leave the others for the reader. In particular, we let

Y(z,y) = Ip,q,r ENC(z,y,p,q,7)

and set

Peycle = E|$(¢(IL‘,$) A —|(.'L' = $)) A 39(¢($a y)
Va((3yy(z,y)) = (F21(z,2)))
Va((Fy(y, 2)) = (32¢(, 2)))
Vo, Y1, y2(Y(y1, ) A (y2, ) = 1 =y2)

If ENC satisfies ENC—key N Pcycie then the first two coordinates of ENC hold one or
more disjoint “cycles”, exactly one of which contains the value $.
Parts (i) and (i) of @u-p-synch are realized by the formula:

SYNCH(S,$) A
Vz,y(SYNCH (z,y) —
Hsapa r, t,pl,q((ENC(.Z',S,p, ClJT) A ENC(yataplaqa dl)) \
(ENC(.’IJ,S,p, 0277') A ENC(:U:taplaq: d2)) \

A=y =9)) A
A
A

(ENC(z,s,p,cn,m) NENC(y,t,p',q,dn))))

Verifying that the a sentence gp described above is satisfiable if and only if P has a
solution is left to the reader. O



