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1 Expectation and Variance of the Score Function

As noted in an earlier lecture, the likelihood function is defined asp(x, θ). Since it is often
prefereable to work with logarithms, we use the log likelihood functionl(x, θ) = ln p(x, θ).
The score function is the derivative of the log likelihood function with respect toθ.

s(x, θ) =
∂

∂θ
l(x, θ) =

1
p(x, θ)

∂
∂θ

p(x, θ)

Generally, givenx we want to find a local maximum forp(x, θ) by guessingθ such that
p(x, θ) is high and ∂

∂θ p(x, θ) = 0. Hence for fixedx, the score function says which values of
θ are best: the optimum score is zero and any non-zero score is less desirable.

To calculate the expected value of the score function, we integrate over all values ofx:

E[s(x, θ)] =
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s(x, θ) p(x, θ) dx

=
Z
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1
p(x, θ)
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=
Z
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p(x, θ) dx

=
∂

∂θ

Z

x∈X
p(x, θ) dx ∗

=
∂

∂θ
1 = 0

* Moving the derivative outside the integral can be done as long as the limits of integration
are fixed, i.e. they do not depend onθ. We can prove this easily for the discrete case:

∑
x∈X

∂
∂θ

p(xi, θ) dx =
∂

∂θ
p(x1, θ)+

∂
∂θ

p(x2, θ)+ ...+
∂

∂θ
p(xn, θ)

=
∂

∂θ
[p(x1, θ)+ p(x2, θ)+ ...+ p(xn, θ)]

=
∂

∂θ ∑
x∈X

p(xi,θ)
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Since the expectation of the score function is 0, the variance is simply: var[s(x, θ)] =
E[s(x, θ)2].

2 The Cramer-Rao Theorem

Sometimes we can’t find an MVUE, but we can find an unbiased estimator. In this case we’d
like to know how good its variance is. One way to do this is to compare it to some lower bound.
The result we’ll see now gives such a lower bound.

Suppose that the score function has small variance, for someθ. This means that allx have
scores close to zero, so whatever thex that we observe, it doesn’t provide much information
about the value ofθ. Hence every estimator of theta based onx is likely to be bad.

More specifically, the smaller the variance ofs(x, θ), the bigger the variance of any unbi-
ased estimatorg(x), including the MVUE.

Theorem 2.1. Suppose the family of distributionsPθ is defined by a density functionp(x, θ)
whereθ ∈ R. Let g(x) be any unbiased estimator ofθ. Then

var[g(x)] ≥
1

var[s(x, θ)

Intuitively, the idea is to look atp(x, θ) and evaluatevar[ ∂
∂θ ln p(x, θ)]. For eachθ, know

that you cannot find an estimator better (unbiased and with lower variance) than 1
var[s(x, θ)] .

Proof
Z

g(x) p(x, θ) dx = θ

∂
∂θ

Z

g(x) p(x, θ) dx = 1
Z

g(x)
∂

∂θ
p(x, θ) = 1

Z

g(x) s(x, θ) p(x, θ) dx = 1

E[g(x) s(x, θ)] = 1

Consider the covariance ofg(x) ands(x, θ).

cov[g(x), s(x, θ)] = E[(g(x)−θ) (s(x, θ)−0)]

= E[g(x) s(x, θ)−θ s(x, θ)]

= E[g(x) s(x, θ)]−0

= 1
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Reminder,cov[ f (x), f (x)] = var[ f (x)]andcov[v(x), w(x)]2 ≤ var[v(x)] × var[w(x)].

cov[g(x), s(x,θ)]2 = 1 ≤ var[g(x)]× var[s(x, θ)]

var[g(x)] ≥
1

var[s(x, θ)]

3 Achieving the Cramer-Rao Lower Bound

When doesvar[g(x)] = 1
var[s(x, θ)]?

Theorem 3.1. There exists an estimatorg(x) who variance is 1
var[s(x, θ)] iff the score function

can be writtens(x, θ) = ∂
∂θ ln(p(x, θ)) = b(θ)[h(x)−θ], whereh(x) is an unbiased estimator

of θ. In this case,h(x) is an MVUE with variance 1
b(θ)

.

Proof
Use the fact thatvar[g(x)]× var[s(x, θ)] = cov[g(x), s(x, θ)]2 iff g(x) = λs(x, θ)+ ν. Intu-
itively, this means that the covariance is maximized wheng(x) ands(x, θ) are linearly related,
where the constantb is allowed to depend onθ.

s(x, θ)−E[s(x, θ)] = b(θ) (g(x)−E[g(x)])

s(x, θ) = b(θ) g(x)−θ)

g(x) is the MVUE.

Example 3.1. Let x = (x1, x2, ..., xn) be the result ofn independent coin flips with suc-
cess probabilityθ. We define the statisticm(x) = ∑xi. The probability distribution func-
tion is p(x, θ) = θm(x)(1−θ)n−m(x). Thus, we have the log likelihood functionln(p(x, θ) =
m(x) ln(θ)+(n−m(x)) ln(1−θ) and the score functions(x, θ) = ∂

∂θ ln(p(x, θ)).

s(x, θ) =
m(x)

θ
−

(n−m(x))
1−θ

=
(1−θ)m(x)−θ(n−m(x))

θ(1−θ)

=
(1−θ)m

n −θ(1− m
n )

θ(1−θ)
n

=
n

θ(1−θ)
(
m
n
−θ)

So m
n is the MVUE.


