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Problem Set 4 Solutions

Problem 1 Prove that the following language is co-recognizable:

A={(G1,G2) : G1,G9 are CFGs and L(G1) = L(G2) } .

Want: To show that A is recognizable, meaning to construct a TM M that recognizes A. This
means that for all CFGs G1, G2 we want

o If L(G1) # L(G2) then M({(G1,G2)) accepts

o If L(G1) = L(G2) then M({G1,G2)) rejects or loops.

Construction: Our program M is the following:

Program M ((G1,G2))
Let ¥ be the union of the terminal alphabets of G1 and G4
For all w € ¥* do
di(w) < 05 da(w) «
If (Mg ((G1,w)) accepts] then dy (w) « 1
If [Mcgs((G2,w)) accepts| then dp(w) < 1
)

If di(w) = d2(w) then accept

Correctness: We show that the two conditions in the Want above are met. Let G1, Gy be any
CFGs. Then L(G1) # L(G2) iff there is some string w that is in one of these sets but not the other,
in other words iff

Jw e v [ (we L(Gh) and w ¢ L(Gy)) OR (w ¢ L(G1) and w € L(Ga)) | -
By definition of the complement of a language, the above happens iff
Jw : [(we L(Gy) and w € L(G2)) OR (w ¢ L(G1) and w ¢ L(G2)) ]| .

From the Crib Sheet we know that TM Mg, decides language Acpg. From the definition of this
language and the definition of decidability we thus have L(G1) # L(G2) iff

Jw [ (Megg((G1,w)) accepts and Mg ((G2,w)) accepts) OR
(Mefs((G1, w)) rejects and Mg ((Go,w)) rejects) | .

The for loop in our program M tries every w € ¥* in turn, looking for one such that the above
conditions are met. If L(G1) # L(G3) then a w satisfying the above conditions exists, and our loop
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will eventually hit it, and at that point M will accept and halt. If L(G1) = L(G2) then there is no
such w and so our machine, searching across the infinite set %*, will loop. So the desired conditions
are true.

Problem 2 Prove that the following language is undecidable:

A= { <G1,G2> . Gl,GQ are CFGs and L(Gl) = L(Gg) } .

The proof is by contradiction.

Assume: A is decidable, meaning there is a TM R that decides A. This means that for all CFGs
G1, G2 we have

o If L(G1) = L(G2) then R((G1,G2)) accepts

o If L(G1) # L(G2) then R({G1,G2)) rejects.

Want: To show that ALLcrg is decidable, meaning to construct a TM S such that for all CFGs
G=(V,¥,R,S)

o If L(G) = X* then S((G)) accepts
o If L(G) # ¥* then S((G)) rejects.

Why is this what we want? Because if we can do this then we have a contradiction to the fact from
the crib sheet that ALLcpg is undecidable, meaning our assumption above must have been false.

Construction: Our program S is the following:

Program S((G)), where G = (V, %, R, S)

Let G1 =G
Let G2 be the grammer (Va, X, Ry, S2) where
- V2 = {SQ} and

— Ry consists of the single rule So— S5
If R({G1,G2)) accepts then accept else reject

Correctness: The key point is that L(G2) = 0, and hence L(G2) = ¥*. Since G; = G, this means
that

L(G)=%"iff L(Gy) = L(Gs) . (1)
Given this, we show that the two conditions in the Want above are met. For any CFG G =
(V,3, R, S) we have

L(G)=%" = L(Gy)=L(G2) (by Equation (1))
= R((G1,G2)) accepts  (by the first condition in Assume)
= S((G)) accepts  (because S((G)) accepts when R({G1,G2)) accepts)
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L(G) #%" = L(Gy) # L(G2) (by Equation (1))
= R({(G1,G29)) rejects  (by the second condition in Assume)
= S((G)) rejects  (because S({G)) rejects when R({G1,G2)) rejects) .

Problem 3 Prove that the following language is undecidable:
A= { <G1, Go, G> : G1,G9, G are CFGs and L(G) = L(Gl) N L(GQ) } .

The proof is by contradiction.
Assume: A is decidable, meaning there is a TM R that decides A. This means that for all CFGs
G1, G, G3 we have

e If L(G1) = L(G2) N L(G3) then R({G1, G2, G3)) accepts

o If L(G1) # L(G2) N L(G3) then R({G1, G2, G3)) rejects.

Want: To show that ALLcpg is decidable, meaning to construct a TM S such that for all CFGs
G=(V.5,R,5)

o If L(G) = X* then S((G)) accepts
o If L(G) # X* then S((G)) rejects.

Why is this what we want? Because if we can do this then we have a contradiction to the fact from
the crib sheet that ALLcpq is undecidable, meaning our assumption above must have been false.

Construction: Our program S is the following:

Program S((G)), where G = (V,X, R, S) and ¥ = {01,...,0,}
Let G1 =G
Let G2 be the grammer (Va, X, Ry, S2) where
- V2 == {SQ} and
— Ry consists of the rules So—0152 | 0252 | -+ | 0,52 | €
Let G3 = G4
If R({G1,G2,Gs3)) accepts then accept else reject

Correctness: The key point is that L(G2) = L(G3) = ¥*, and hence L(G2) N L(G3) = ¥*. Since
G1 = G, this means that

L(G) =%" iff L(G1) = L(G2) N L(G3) . (2)
Given this, we show that the two conditions in the Want above are met. For any CFG G =
(V,X, R, S) we have
L(G)=%" = L(G1)=L(G2)NL(Gs) (by Equation (2))
= R({(G1,G2,G3)) accepts  (by the first condition in Assume)
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= S((G)) accepts  (because S((G)) accepts when R((G1, G2, G3)) accepts)

L(G) #%¥* = L(G1)# L(G2) N L(G3) (by Equation (2))
R((G1,G2,G3)) rejects  (by the second condition in Assume)
= S((G)) rejects  (because S((G)) rejects when R((G1,G2,G3)) rejects) .
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Problem 4 Prove that the following language is undecidable:
A={(My,Ms) : My, My are TMs and M (¢) halts and Mas(e) loops } .

The proof is by contradiction.

Assume: A is decidable, meaning there is a TM R that decides A. This means that for all TMs
My, My we have

o If Mj(e) halts and Ma(e) loops then R((M;, Ms)) accepts
o If Mi(e) loops or Ma(e) halts then R((M;, M2)) rejects.

Want: To show that HALT Ty is decidable, meaning to construct a TM S such that for all TMs
M and all strings w over the input alphabet of M

o If M(w) halts then S((M,w)) accepts
e If M(w) loops then S({M,w)) rejects.

Why is this what we want? Because if we can do this then we have a contradiction to the fact from
the crib sheet that HALT 1y is undecidable, meaning our assumption above must have been false.

Construction: Here is the program S
Program S((M,w))
Let M; be the TM whose description is: “On input x, run M (w). If it halts, accept.”

Let M5 be the TM whose description is: “On input z, loop.”
If R((M7, M>)) accepts then accept else reject

Correctness: We first consider the machine M7 whose code is defined above. If given input x = ¢,
it runs M (w) and accepts (and thus halts) iff M (w) halts. On the other hand, M» is defined to be
a machine that, regardless of its input, doe not halt. Thus the following conditions are true:

M, (e) halts iff M (w) halts (3)
M>(g) loops (4)

Given this, we show that the two conditions in the Want above are met. For any TM M and
string w over the input alphabet of M we have

M (w) halts = M;(e) halts and Ms(e) loops  (by Equations (3) and (4))
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R((My, M3)) accepts  (by the first condition in Assume)
S((M,w)) accepts  (because S((M,w)) accepts when R({Mi, Ms)) accepts)

4

M (w) loops M (e) loops and Ms(e) loops  (by Equations (3) and (4))
M, (e) loops or Ms(e) halts  (because M;(e) loops)
R((My, My3)) rejects  (by the second condition in Assume)

S((M,w)) rejects  (because S((M,w)) rejects when R((M;, Ms)) rejects) .
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