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Abstract.  This paper explores reasoning about space and time, e.g.,
in metaphors of time as space;an important method is to nd minimal
assumptions neededto reach the same conclusions that humans reac.
Somemathematical language,including the notion of triad, is intro duced
for this purp ose,formalizing and generalizing the cognitive sematrtics ap-
proachesto conceptual spaces(in the senseof both Fauconnier & Turner
and of Geardenfors), blending, and metaphor; in particular, continuous
mathematics is used to model space and time. A new explanation of
emergen structure in blend spacesis also discussed,and proposedas a
source of creativit y. Four main examplesillustrate the approach, and an
appendix encapsulatesthe most di cult mathematics.

1 Intro duction

Spaceand time are very fundamertal human concepts,but despite great
advancesin physics, and extensive researt in experimental psydiology,
our understanding of how humansactually usetheseconceptsis still very
incomplete, and the best cognitive scienceresults are all rather recert.
Although practical human reasoningabout spaceand time is quite e -
ciernt, madine reasoningis often very poor; we would like to understand
how humans do it, and to help machines do it better. Recen work in
cognitive linguistics has found that human reasoningis very often me-
diated by metaphort. Therefore the study of reasoningwith metaphors
that involve spaceand time is of particular interest.

Other recert resear® in cognitive linguistics claims that metaphor
is best seenas the result of integrating (blending) conceptual spacesg,
becausethis generalizesand subsumesprior work of Lako and others
on metaphor as a map from a more concrete sourcespaceto a more ab-
stract target space,by introducing a \blend space"that includesrelevant
content from both the sourceand target spacesplus perhapsnew \emer-
gent" structure [6]. Under either view, for metaphors involving time or

! This theme runs throughout [6], and [29] is an extended study of metaphor in
mathematics.

2 The word \space" is used metaphorically here as a \container" of symbolic ertities;
conceptual spacesare explained in detail in the next section.



space,it is necessaryto represen those conceptsin conceptual spaces,in
away that supports inference.Surprisingly®, we have found that familiar
mathematical represenations of space,time and motion are adequatefor
this purpose:time can be represened by intervals | from either the real
numbersor the integers, spacecan be represerted by a manifold M (i.e.,
a smooth* subsetof n-dimensional Euclidean space ", where denotes
the space,i.e., the line, of all real numbers), and motion by a function
I I M (which should be smooth when| is a subsetof ).

This paper exploresfour examplesin somedetail, eat exhibiting a dif-
ferent kind of ambiguity. The rst (Example 2) is Peter Gardenfors' skin
color example [9], which usesgeometrical conceptual spaces.The second
(Example 3) discusseghe many dierent blends of \house" and \b oat"
[11]. The third (in Section 4) is a puzzle from [6], in which a Buddhist
monk ascendsand then descendsa sacredmountain; this is alsowherewe
discussrecruitment and creativity in blending. The fourth example (in
Section 5) discussesreasoningabout time using spatial metaphors [34];
sertenceslike \The Wednesdg meeting was moved forward two days"
have beenstudied experimertally by Nurez[33],and found to be ambigu-
ousin interesting ways®; the method is to determine minimal assumptions
neededto derive particular conclusions,sud asthat there are one (or two,
or three) di erent datesfor the resdeduled meeting; when the conclusion
reached is the sameas that of human subjects, this provides a method
for validating models. Readersnot interested in the mathematics should
focus on theseexamples,but should alsolook at the other, non-main, ex-
amplesfor cortinuity. Natural languageunderstanding is not addressed,
becausewe focus on reasoningabout understandings as represerted by
models.

Section2 reviewssomecognitive sciencereseart on conceptsand con-
ceptual spacesSection3intro ducesUni ed Concept Theory (abbreviated
UCT) [14,16]in asomewhatinformal way that avoidsthe categorytheory
usedin [16]. Section4 usesthe Buddhist monk exampleof [6] to intro duce
the basicsof our modeling methods for spaceand time, demonstrating
the needto enrich the conceptual spacesof Gilles Fauconnierwith types,
functions and axioms, and to enrich the machinery of cognitive linguistics
with (what we call) triads and triad blending; a solution is also suggested

% In view of the phenomenological researd of Husserl, Merleau-Ponty and others,
though of courseit is not likely to surprise physicists.

4 Technically, this meansthat the nth derivative exists and is contin uous for every
integer n.

° Note that the spatial term \forw ard" is metaphorically applied to time in this
sertence.



to the mystery of how \emergert structure” appearsin blends. Section
5 discussedime as spacemetaphors, focussedon exampleslike those in
[33], and Section 6 draws some conclusions,while Appendix A provides
further mathematical details of UCT; readerswho are not very familiar
with category theory and institutions ® will nd a de nition of institution

that usesno category theory in Appendix A, followed by a brief expo-
sition of some basic notions on category theory, with some illustrativ e
diagrams.

This paper doesnot aim to cortribute new theories of human cogni-
tion; rather, it aimsto contribute a new languagein which certain kinds
of theories of human cognition can be expressedand explored with much
greater precision than has previously beenpossible.Although the exam-
ples given to illustrate this are theories of human cognition in certain
very particular situations, they are not supported with new experimental
or linguistic data, but instead, their properties are examined mathemat-
ically, and compared with common sense,or with experiments done by
others. This situation is analoguousto that in physics:to establish his
theory of gravitation, Newton needednot only experimental data, but
also the mathematical language of the calculus, to precisely expresshis
theoriesand derive their consequence$or the solar system. Similarly, the
cortributions of this paper are like the mathematical theory of di eren tial
calculus rather than the physical theory of gravitation, though of course
no claim is madethat it is equally signi cant!

A major feature of UCT is its useof \triads,” which can combine dis-
crete symbolic with cortinuous geometricalrepreserations, and thus can
reap the bene ts of both. Models are built for particular purposes,and
needonly be adequateto those purposes;this view is ubiquitous in engi-
neeringand applied scienceand is opposedto the view that mathematical
models should in principle be able to capture every aspect relevant to ev-
ery possiblesituation, which is assaiated with philosophical realism, as
in the linguistic theories of Montague, Barwise & Perry, Chomsky, and
others (see[15] for further discussionof this topic).

2 Cognitiv e Science of Concepts

This section surveys some cognitive researtr on concepts. In a series
of papers that are a foundation for contemporary cognitive semariics,
Eleanor Rosd designed, performed, and carefully analyzed innovative

6 Although rather technical, institutions are neededbecauseead of our main examples
usesa di eren t logic.



experimerts, resulting in a theory of human conceptsthat di ers greatly
from the Aristotelian tradition of giving necessaryand su cien t condi-
tions, basedon properties. Rost showved that conceptsexhibit prototype
e ects, e.g., degreesof membership that correlate with similarity to a
certral member. Moreover, shefound that there are what shecalled basic
level concepts which tend to occur in the middle of concept hierarchies,
to be perceived as gestalts, to have the most assaiated knowledge, the
shortest names,and to be the easiestto learn. Expositions in [27,28,24]
give a concisesummary of researtr of Rosd and others on conceptual
categories.This work serned as a foundation for later work on metaphor
by GeorgelLako and others [27,28,30,26]. One signi cant result from
this researt is that many metaphors comein families, called basic im-
age schemas that sharea common sensory-motor pattern. For example,
more is up is grounded in our ewveryday experience that higher piles
contain more dirt, or more books, etc. Metaphors basedon this image
schema are very common, e.g., \That raised his prestige." or \This is a
high stakesgame.”

Fauconnier's mental spaces [5] (also called conceptual spaces [6]) do
not attempt to formalize concepts, but instead capture the important
ideathat conceptsare usedin clusters of related concepts.This idea can
be formalized as a very simple logic, consisting of individual constarts,
and assertionsthat certain relations (mostly binary) hold among certain
of those constarts; it is remarkable how much natural languagesemartics
can be encaled with this framework (see[5, 6]).

resident land

passenger water

livein

house

Fig. 1. Two Simple Conceptual Spaces

Example 1. Figure 1 shawvs two simple conceptual spaces,the rst for
\house" and the secondfor \b oat." Thesedo not give all possibleinforma-
tion about theseconcepts,but only the minimal amount neededfor a par-
ticular application, which is further discussedbelow. The \dots" represert
the individual constarts, and the linesrepresert true instancesof relations
among those individuals. Thus, the leftmost line assertslivein(r esident,
house) which meansthat the relation livein holds betweenthesetwo con-
stants. We will soon seegood reasonsfor assigning\sorts" (also called
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\t ypes") to constarts and relations. For example, resident and passenger
can be given the sort Person, and house and hoat the sort Object. 2

Peter Gardenfors [9] proposesa notion of \conceptual space"that is
very di erent from that of Fauconnier,sinceit is basedon geometryrather
than logic. An intriguing hypothesisin [9]is that all conceptualspacesare
convex . Although [9] aims to reconcileits geometric conceptual spaces
with symbolic represertations like those of Fauconnier,it doesnot in fact
provide a uni ed framework. However, such a uni cation can be donein
two relatively straightforward steps.The rst stepis to introduce models
in addition to many sorted logical theories, where a model provides a
set of instancesfor ead sort, a function for ead function symbol, and a
relation for ead relation symbol; since we are interested in the models
that satisfy the axiomsin the theory, an explicit notion of satisfaction is
also needed;special casesof suc relations are called classi cations in [1]
and formal contexts in [8]. This leadsto the basic UCT notion of triad,
which is discussedin detail in Section 3.

The secondstepisto x the interpretations in models of certain sorts
to be particular geometrical spaces(the term \standard model" is often
usedin logic for such a xed interpretation). For example, a sort color
might beinterpreted asthe setof points in a xed 3D manifold represert-
ing human color space,coordinatized by hue, saturation and brightness
values, as in Figure 2, which is shaped like a \spindle," i.e., two cones
with a common base, one upside down. This provides a precise frame-
work within which one can reasonabout properties that involve colors,
asin the following:

White

gaturation

Brighiness

Black

Fig. 2. Human Color Manifold
" A subsetof Euclidean spaceis convex if the straight line betweenany two points in-
sidethe subsetalsolies inside the subset;this generalizesto non-Euclidean manifolds
by using geadesicsinstead of straight lines.



Example 2. A nice example in [9] concernsthe (English) terms used to
describe human skin tones (red, black, white, yellow, etc.), which have
a very dierent meaning in that context than e.g.,in a cortext of de-
scribing fabrics. Gardenfors claims that this shift of meaning can be ex-
plained by embedding the spaceof human skin tones within the larger
color manifold®, and shawing that in this space,the standard regionsfor
the given color namesare the closest ts to the corresponding skin color
names. Tecnically, it is better to view the two geometrical spacesas
related by a canonical projection from the spindle to the subspace,be-
cause Gardenfors' corvexity hypothesis plus the reasonableassumption
that ead spacehas a \reference point" (a \zero color") guaranteesthat
such a canonical projection exists?. Gardenfors does not give a formal
treatment of the color terms themselhes, but we can view them as unary
predicatesin a theory (or \ontology"), and view the relationship between
skin color terms and colorsin the color spindle as a satisfaction or classi-
cation relation; note that many colors will not have any corresponding
skin tone name. 2

B
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Fig. 3. Information Integration over a Shared Subobject

The most important recert dewelopmert in the tradition of Rosd,
Lako, and Fauconnieris conceptual blending claimed in [6] to be a fun-
damertal cognitive operation, which combinesdi erent conceptualspaces
into a unied whole. The simplest caseis illustrated in Figure 3, where
for examplel 1; 1, might be mental spacesfor \house" and \b oat" (asin
Figure 1), with G cortaining so-called\generic" elemers sud that the

8 Methodologically, it seemsreasorble to take the standard color spindle as a neutral
ground from which deviations due to context, such as priming, can be viewed as
deviations by projection mappings.

% Let M3 and M , be convex 3-manifolds in 2 that have reference points pi;p2,
respectively. Then : M 31! M, isdened asfollows: Givenmi 2 M 1, let L1 be
the ray (half in nite line) starting at point p; and passing through ms, let m? be
the point where L; intersects the surface of M 1, and let L, be the ray parallel to
L1 in M 2 from pz, intersecting the surface of M » at mJ3. Now dene (mi) = m»
where m» is the point on L, such that the ratios of line lengths pymi=pm? and
p2m2=pm3 are equal.



mapsG ! |; indicate which individuals should beidenti ed. Some\opti-
mality principles" are givenin Chapter 16 of [6] for judging the quality of
blends, and hencedetermining which blends are most suitable, although
thesedistillations from numerous examplesare far from formal.

Example 3. Blends are not determined uniquely, not even up to isomor-
phism. For example, if we blend the two spacesin Figure 1 (for the con-
cepts\house" and\b oat"), then B could bel® \houseboat," or \b oathouse,"
or someother conmbination of the two input spaceqseebelow). The blend
diagram for \houseboat" is showvn in Figure 4. As in Figure 3, the bot-
tom spaceis the generic or base space,the top is the blend space,and
the other two are the input spaces,in this casefor \house" and \b oat."
The arrows betweencirclesindicate conceptual maps which describe how
to map ertities in the sourcespaceto ertities in the target space;in gen-
eral, they are partial, not total. In this simple example, all four spaces
have graphs with the same\v ee" shape, and the maps simply presene
that shape, e.g., eadh maps the bottom node of the \vee" in its source
spaceto the bottom nodein its target; this is not typical of more complex
examples.

Figure 5 shaws the \b oathouse" blend of the sametwo concepts.In
it, the boat endsup in the house.Notice that mapping resident to boat
doesnot type ched (this presupposesthe type assignmers given in the
table on page 10 unlesshoat is \cast" to be of type Person;, otherwise,
the boat could not live in the boathouse. This is the kind of metaphor
called personi cation in literary theory, in which an object is considered
a person.A third blend is similar to (in fact, symmetrical with) the above
\b oathouse" blend; in it, a house/passengerends up riding in the boat
(e.g.,wherea boat is usedto transport prefabricated housesacrossa bay
for a housing dewvelopmert on a nearby island).

A fourth blend is lessfamiliar than the rst three, but hasvery good
presenation properties. This is an amphibious RV (recreational vehicle)
that you can live in, and can ride on land and on water. A fth blend
has an even lessfamiliar meaning: a livable boat for transporting livable
boats; this was found by the Alloy blending algorithm deweloped by Fox
Harrell and I, and perhapsonly an algorithm could have discovered this
courter-intuitiv e blend [19]. A sixth blend givesa boat usedon land for
a house;it omits axioms that a house/boat be on water and a passenger
ride a house/boat. Alloy alsofound 42 other, lessobvious blends, most of
which are far from optimal.

101t is unusual that there are such convenient names for two of these blends.



Fig. 4. Househoat Blend Diagram

The extent to which a mapping presenes source spacefeatures can
be used as a formal optimality criterion [11,18], and for this example,
our intuitiv e senseof the relative purity of the blends, and the degreeto
which they seemboat-like and house-like, corresponds to the degreeto
which the appropriate morphisms presene ertities and axioms from the
input spaces.See[19] for a detailed discussion.2

Blending theory [6] re nes the metaphor theory of Lako , by explain-
ing the metaphorical map from 1, to 1, as a kind of \side e ect" of a
blend B of I, and I ,. This theory notesthat a metaphor really constructs
a new blend spacein which only certain parts of I 1 and | , appear, and in
which somenew structure found in neither | ; nor |, may alsoappear; the
usual formulation of metaphor as a \cross spacemapping” m: 11! I3
is the re ection of the identi cations that are madein B, i.e., if i1;io are
constarts in | 1; 1, respectively, that map to the sameconstart in B, then
we setm(iy) = i,. SeeFigure 6.

Example 4. In the metaphor \the sunis aking," the more concreteinput
spacel ; is for \a king" while I, is for \the sun;" the constarts \sun" and
\king" from their respective input spacesare identied in the blend, so
\king" mapsto \sun,” but the fact that kings may collect taxes is not
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Fig. 5. Boathouse Blend Space

Fig. 6. Cross-SpaceMapping

mapped up or across.However, if we add \the coronais his crown,” then
the elemen \crown" in |1 is identied with the elemen \corona" from
I> in the blend space,and so\crown" is mapped to \corona"; the same
must be done for the \ownership" relations. 2

3 Theories and Triads

This section summarizesparts of uni ed concepttheory, beginning with

a review of algebgic theories [11], which provide additional featuresover
conceptualspaceghat are neededfor applicationsto areassuc asuserin-

terface design[11], where many signshave parts, and theseparts can only
be put together in certain ways. For example, consider icons, windows,
scrollbars, etc.; or considerwords in a sertence, or the visual constituents
of diagrams, such as Figure 1. Algebraic theories may have constructor
functions, which build complex signs from simpler signs;for example, a
window constructor could have argumerts for a scrollbar, label, and con-
tent. Then onecanwrite W1 = window(SB1, L1, C1); there could alsobe
additional argumerts for color, position, and other details of how these
parts constitute a particular window. This approad conveysinformation

about the relations betweenparts and wholesin a much more explicit and
usefulway than just assertinghas-a(window, scrollbar), and it alsoavoids
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many of the problemsthat plaguethe has-arelation and its axiomatiza-
tions in formal mereology*! ([36] explains someof these problems).

Sorts (or types) in algebraic theories sere to restrict the structure
of signs: eat declared constart has a sort, and ead relation and func-
tion has restrictions on the sorts that its argumerts may take. In ex-
ample 1, the relation own can only take argumerts of sorts Person and
Object (in that order). In algebraic theories, relations are represerted
as Boolean valued functions. Allowing sorts to have subsorts provides a
more e ective way to support inheritance than the traditional is-a re-
lation. For example, Person might have a subsort Adult. Order sorted
algeba [22] provides a mathematical foundation that integrates inheri-
tance with whole/part structure (using constructor functions instead of
the has-arelation) in an elegart and computationally tractable algebraic
formalism that also captures some subtle relations between inheritance
and whole/part relations®?.

Example 5. Here we explain the notation of the algebraic theories that
we useto represett conceptual spaces.Algebraic theories may have con-
ditional equations as axioms to further constrain the spaceof possible
signs; for example, certain housesmight restrict their residerts to be
adults. Fauconnier's mental spacesare the special caseof order sorted
algebraic theories with no functions, no sorts or subsorts, and with only
atomic relation instances as axioms. The table belowv gives the theory
forms of the two conceptual spacesin Example 1:

resident: ! Person passenger: ! Person
house: ! Object boat: ! Object
land; water: ! M edium land; water: ! M edium

livein: Person Object! Bool | ride: Person Object! Bool
on: Object Medium! Bool |on: ObjectMedium! Bool
livein(resident; house) ride(passenger; boai
on(house;land) on(boat;water)

This notation is similar to that of functional programming, or more pre-
cisely an equational programming languagelike OBJ [21]. Each of the two
theories has two parts, one for declaring sorts, constarts, and functions,
and one for asserting axioms to serwe as constraints on interpretations.
The rst three lines declare constarts with their types'3. The next two

11 Mereology is the study of whole/part relations.

12 E.g., the monotonicity condition on overloaded operations with respect to subsorts
of argument sorts described in [22].

13 The arrow appears becausetechnically it is better to view constants as functions
with no arguments.
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lines declarerelations as Booleanvalued functions, in this case,ead with
two argumerts. The last two lines give axioms, which here assert that
certain relations hold on certain constart argumerts; there is an implicit
\= true" after ead relation instance. The set of declarations of typesand
functions of a theory is called its signature. 2

There is much experienceusing algebraic theoriesto specify and ver-
ify computer-basedsystems(e.g., [21,20,4]), and various extensionshave
beendevisedto facilitate this. One sud extensionallows certain sorts to
have xed interpretations (such as Bool and Medium in the two theories
above, or the natural numbers), while other sorts are allowed arbitrary
interpretations. Hidden algebra [20] provides additional featuresto bet-
ter handle dynamic systemswith states, which are a certral feature of
computer-basedsystems. Semiotic spaces further extend algebraic theo-
ries by adding priority relations on sorts and constructors, information
that helps greatly with user interface design applications [11,12]. Semi-
otic spacesare also called semiotic systemsor semiotic theories, because
they de ne systemsof signs,not just singlesigns,for example,all possible
displays on a particular digital clock, or a particular cell phone.

If T isatheory (e.g.,that for \house"), then amodel M for T provides
concreteinstancesfor all declaredfunctions (which we recall include the
constarts) in T, in such away that all the axiomsin T aresatised in M.
In this case,we write M Fc T, where C is a context that restricts the
theories and/or models that are allowed. For example, contexts might
consist of sets of declarations (so they are signatures), with M Fc T
restricted to those T with axioms that only use symbols from C, M
restricted to those models that instantiate the symbols in C, and with
M E ¢ T holding if and only if M satis es all the axiomsin T.

Uni e d concept theory [14] (abbreviated UCT ) usesthe term triad (in
honor of Charles SandersPeirce) for a combination of a symbolic space,
a cortext, a geometrical space(or set of spaces),and a relation among
them, denoted=. We canillustrate this with two triads from Example 2.
Here contexts are setsof color namesviewed asunary predicates.The rst
triad consistsof the color spindle C, a cortext C of color names,and an
ontology theory O for color namesin C, suc that ead color nameis true
(under  ¢) on a certain corvex submanifold of the color spindle!4, while
the secondtriad consistsof the skin color submanifold S, a set C° of skin
color namescortained in C, an ontology O°for C% with elemers of C°

14 1t makes sensefor this to be a convex fuzzy submanifold, in conformance with
Rosdh's work on prototype e ects; see[14] for details of this notion.
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againinterpreted as corvex submanifolds. The projectonmap : C! S
de ned in Example 2 can be seenas giving a triad morphism along with
a suitable inclusion map i: O°! O, sincewe have

(M) Fskin ST M F spindie 1(S)

for all colorsm in Cand all skin color namess in O° (To allow | to have
fuzzy valuesfor color name predicates,e.g.,in the unit interval [0; 1], the
\i " in the above should be replacedby an equality relation on the fuzzy
values.) An equivalent form that better ts the general notion of triad
given below is

(©) F skin i CF spindle i(ac)

for all axiomsa®in O° noting that in this case, (C) = S and the axioms
in O° de ne the unary predicates s for skin colors. These formulae are
alsosimilar to the nicely named\infomorphisms" of [1], which in fact are
a special caseof triad morphisms.

More formally: contexts are setsC of color names;C-models are con-
vex 3-manifoldsM in 3 with a given referencepoint and a given corvex
submanifold for eadr ¢ 2 C; C-theories T are sets of axioms about the
unary predicatesin C; and F ¢ tells whether a model M satis es an ax-
iom, and by extension, whether it satis es a theory T. Thus a triad is
atriple (M;C;T) suchthat M Ec T, whereM is a C-model and T
is a C-theory. A morphism from one such triad (M ¢ C%T9 to another,
(M;C;T)isapair (; )where :T% Tand :M ! M %sud that

(MFcai mEce (a)

forall m2 M;a2 T. Then (i; ) is a morphism (C, ;09! (S; ;0)
in this sensewhere s the set of skin colors. A more generalde nition
of triad is given in Appendix A.

Triads and sortswith xed interpretation help solve the symiwl ground-
ing problem'® [25]. Our approad to this problem is consistert with Peirce
[35], who said that signsmust beinterpreted in order to refer, and that in-
terpretation only occursin somepragmatic context of signsbeingactually
used.Sensorsge ectors, and world models ground elemeris of conceptual
spacesin reality, where the world models are geometrical spaces.This
implies that the symbol grounding problem is arti cial, createdby a de-
sire for something that is not possiblefor purely symbolic systems,asin
classiclogic-basedAl, but which is natural for embodied systems.

15 This is the problem of how abstract computational symbols can be made to refer to
entities in the real world.
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4 A Buddhist Monk Meets Himself

One of the most striking examplesin [6], called \the Buddhist monk," is
not a metaphor, but a clever puzzle. It is posedas follows: A Buddhist
monk makesa pilgrimage to a sacredmountain, leaving at dawn, reac-
ing the summit at dusk, spending the night there in meditation, then
departing at dawn the next day, and arriving at the baseat dusk. The
guestionthen posedis: is there a time suc that the ascendingmonk and
the descendingmonk are at the sameplace at that time? This question
calls forth a blend in which the two days are mergedinto one, but the
onemonk is split into two! The reasoningneededto answer the question
cannot be done in a logic-basedblend space,becausesome geometrical
structures are neededto model the path of the monk(s), in addition to the
individuals and relations that are given logically. The table below shows
the semiotic spacesfor the rst and secondday in its rst and second
columns, respectively; notice the explicitly giventypes,which are needed
to constrain possibleinterpretations of the declaredelemerts.

Time = [6;18] Time = [6;18]

Loc = [0; 10] Loc = [0; 10]

m: Time! Loc m: Time ! Loc

m(6) = 0 m(6) = 10

m(18) = 10 m(18)= 0

(8 t;t%: Time) t > t°) | (8 t;t% Time) t > t°)
m(t) > m(t9 m(t) < m(t9

The rst two lines of ead theory are type de nitions, while the third
declaresa function; here and hereafter, we assumesud functions are
smooth (i.e., cortinuously di erentiable of all orders); the two type dec-
larations meanthat thesetypeshave xed interpretations in all models.
After that, ead theory has three axioms, the third of which usesthe
notation (8t; t°: Time) to introduce two variables, t; t° with their type,
Time, for usein that axiom.

A model for the theory of the rst day will interpret Time as the
xed interval [6,18] (for dusk and dawn, in hours); it will also interpret
Loc asanother xed interval, [0,10](for the baseand summit locations, in
miles). Then m isinterpreted assomecortin uousfunction [6;18]! [0; 10],
giving the monk's distance along the path asa function of time. The key
axiom is the last one, a monotonicity condition, which assertsthat the
monk always makes progressalong the path, though without saying how
quickly or slowly. Each such function m correspondsto a di erent model
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of the theory. The theory for the secondday is similar exceptthe last three
axioms assertthat the monk starts at the top and always descendsuntil
reaching the bottom. The types Time and Loc must be given exactly
the same interpretations on the two days, but the possible paths are
necessarilydi erent. The blended theory is shownn in the table below, in
which m indicates the monk's locations on the rst day and m° on the
secondday.

Time = [6;18] Loc = [0; 10]
m;:m%d: Time! Loc

t ;! Time
m(6) = 0 m(18) = 10
mY6) = 10 mY18) = 0

(8 t;t% Time) t > t% m(t) > m(t9
(8 t;1%: Time) t > t% mqt) < mYt9
(81t: Time) d(t) = mqt) m(t)

dt )= 0

To answer the puzzle, we have to solve the equation m(t) = mqt). If
we let t denote a solution and let d(t) = m{t) m(t), then the key
\emergen" structure added to the blend spaceis d(t ) = 0, since this
allows us to apply the version of the Intermediate Value Theorem which
says that a strict monotone cortin uous function which takesvaluesa and
b with a 6 b necessarilytakesewvery value betweena and b exactly once.
In this case,d is strict monotone decreasing,d(6) = 10and d(18) = 10,
sothere is a unique time t sud that d(t ) = O.

Blending theory [6] speaks of \recruiting " new spacesto the blend
in order to create emergen structure, but it doesnot explain how this
happens. We suggestthat emergen structure arisesby integrating new
triads that match important non-integrated conceptsin the input spaces.
In this particular example, the locations of the monk on the two days
are clearly important, sincethey are mertioned in the formulation of the
puzzle, but they are not integrated by the generic space;the notion of
beingin the sameplace at the sametime is also mentioned in the puzzle.
We therefore suggestthat the missing pieceof the puzzleis the \meeting
space" shovn below, and that it is \recruited" by searding for a triad
that matcheskey non-integrated key conceptsin the blend:

a;b;d: Time! Loc

t ;! Time

(8t: Time) d(t) = a(t) b(t)
dt)=0
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This just says that two individuals, a;b, meet if they are at the same
place at the sametime, wheret is that time. To do the integration, let
us call the two theories in the rst table of this section| and 12 and
let the genericspaceG cortain just the rst two lines of these theories,
with the mapsG ! | and G ! 1%inclusions. Next, let M denote the
meeting space,let M ! | mapatom,andlet M ! [9map bto m°
Then identifying the elemerts that are mapped, and just copying the
others gives exactly the blend spaceof the secondtable in this section;
seeFigure 7. A good hypothesisis that this providesa generalexplanation
for emergen structure in blends. (This exampleis alsoa good illustration
of blending with more than two input spaces.)

Fig. 7. Buddhist Monk Blend Diagram

There are some surprisesif we weaken the monotonicity axioms to
becomenon-strict, sothat the monk may stop and enjoy the view for a
time, asformally expressedfor the rst day by the axiom

(8 t;t% Time) t > t% m(t) m(tY

then (by another version of the Intermediate Value Theorem) the monk
can meet himself on the path for any xed closedproper subinterval [a; b]
of [6,18] (i.e., with 6 a b 18 with either a6 6 or b6 18). More-
over, if we drop the monotonicity assumptioncompletely but still assume
continuity, then (by the most familiar version of the Intermediate Value
Theorem) there still must exist valuest sud that m(t ) = m{t ), but
theset arenolongercon ned to a singleinterval, and can even consistof
countably many isolated intervals. It seemssafeto say that sudc obsena-
tions would be di cult to make without a precisemathematical analysis
like that given above'®; indeed Fauconnier and Turner had not realized

16 Of course, some aspects of this analysis are unrealistic, due to assuming that the
monk can move arbitrarily quickly; a velocity restriction could be added (e.g.,
jdm=dtj  4), but the extra complexity can only be justied if there is a specic
need for it. This is a good illustration of the pragmatic character of model making,
in particular, its sensitivity to how models are used, and the need for trade-o s.
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that the monk could meet himself at more than a single instant before
they saw this analysis. It is interesting and perhapsnow even surprising
that human subjects invariably read the conclusion that is supported
by the rather non-standard strict monotone version of the intermediate
value theorem.

The structures in this example, consisting of a many sorted logical
theory and a class of possible models for that theory (with some sorts
having xed interpretations in the models), can be seenas classi cations
in the senseof Barwise and Seligman[1]; but it is better to considerthese
structures astriads, becausehe geometryof the modelsis important here,
and becausethe di erent theories have di erent contexts. Moreover, the
example blends not just theories, but also classesof models, and hence
triads, including their cortexts; this is spelled out in the appendix.

5 Reasoning about Time as Space

There is enormouscross-cultural evidencethat time is primarily concep-
tualized as spacé’: in all languagesstudied so far, the vocabulary for
time is primarily spatial [34]. Here are two simple examplesin English:
\The end of the year is approacding” and \W e are coming to the end
of the year." Notice that in the rst, time is moving, while in the sec-
ond the deictic® referencepoint (convertionally called \ego") is moving
while time is xed. Theseare both dynamic metaphors, but spaceastime
metaphors can also be static, asin \The due dates of the reports aretoo
closetogether,"” where neither time nor egois moving. Times can alsobe
moving with respect to other times, asin \December follows November."

These examples(and many many others that are similar) show that
there are three dualities:

1. Ego RP vs. Time RP (where \RP" abbreviates\Reference Point");

2. Static vs. Dynamic; and

3. Landmark (the deictic referencepoint, which is xed) vs. Trajector
(that which moves) [34].

Of course,there canalsobe metaphoric blendsinvolving time, asin \Time
ies like an arrow.” Sothings can get very complex! They were recertly
made even more complexby the discovery that Aymara, a languageof the
Peruvian Andes, has a static metaphor of time as space,wherethe future

17 Kant might be surprised to learn that one of his analytic a priori categories is
signi cantly more fundamental than another.

18 The term \deictic" is used for words where meaning depends on the context where
they appear; the deictic referencepoint is the location of this appearance.
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is behind Ego RP, rather than aheadof it'°, asin all other known lan-
guages;[34] gives conclusive evidenceusing gesture, with control groups
of Spanishspeakersand even bilingual speakers. Howewer, for all dynamic
cases.ewven in Aymara, the future isin front of Ego RP.

The question that motivated the material in this section was, under
what conditions doesthe sertence\The Wednesdg meeting was moved
forward two days" have just two solutions (as days of the week)?We will
usemany sorted equational logic, where declarationsare for sorts and op-
erations, and theories consistsof setsof equationsover a given signature.
We alsolet cortexts be theories, and let triads be theory extensions,i.e.,
inclusions of the corresponding sets of declarations and of axioms. We
also allow somesorts to have xed interpretations. The following theory
de nes the basic ingredients that are neededto formalize the problem
posedabove:

Time =
Su;M;Tu;W;Th;F;Sa: ! Day
day: Time! Day

E; T:! RP

fo: Time Time RP! Time

day(0) = Su day(1) = M day(2) = Tu
day(3) = W day(4) = Th day(5) = F
day(6) = Sa

(8 t; t%: Time) day(t) = day(t9 if jt t§= O0Omod 7
(8 t:t% Time) fo(t;t%E) =t 2ift t°

(8 t;t%: Time) fo(;t%E) = t+ 2if t > O

(8 t;t9% Time) fo(t;t8T)=t+ 2

In the rst line, the sort Time is declaredto represen the set of all
integers, while the secondline declaresthe days of the week, the third
declaresa function that mapstimes to days, the fourth declarestwo con-
stants for the two di erent kinds of referencepoint, and the fth declares
a function to give the result of moving a time \t wo days forward." For
the axioms, the rst eigh de ne how days of the week are assignedto
integers,and the next three de ne how f » works, following the discussion
at the beginning of this section. The notation jt t9 in the eighth ax-
iom indicates the absolute di erence of t; t® and the axiom says that two
integers have the sameday if they dier by somemultiple of 7.

Perhapsthe following extension of the above theory is the most obvi-
ousway to set up the problem posedabove:

19 e, the experiencer facesthe o w of events, asin \Marc h is coming soon."
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m;:m%e: ! Time
r:-! RP
fo(m;e;r) = m°
day(m) = W

Models for this extendedtheory instantiate the constarts m; m® e;r with
valuesthat are consistert with the axioms. Onedi cult y with this formu-
lation is that there will be an in nite number of solutions; to get around
this, we can just specify that m = 3. Under these assumptions,we can
indeedprove that there are just two solutions, namelym®= 1 and m°= 5.
Howewer, this is still unsatisfactory in a way, becausethe initial assump-
tion m = 3 (i.e., that the locator is the originally sdeduledtime of the
meeting) precludes exploring other options, sud as that the locator is
the resheduledtime of the meeting (m°®= 3).

The simplestway forward is to considertwo theories, which will serne
as cortexts, one for ead choice of the locator:

m;m%e: ! Time [m;mCe: ! Time
r:-! RP r:! RP
fo(m;e;r) = mP | fo(m;e;r)=mP
m=3 m@= 3

Thesetheories are the sameexceptfor their last lines; let us denotethem
A and B, respectively. We now do another casesplit, on whetherr = E
orr = T; let the resulting four theoriesbe denotedA:1; A:2;B:1 and B :2.
Finally, due to the form of the axioms for f,, it is corveniert to do one
more casesplit, on whether m > eor m g let the resulting 8 casesbe
denotedA:1:1; A:1:2; :::; B:2:2. Eadh of them is a context within which we
can ask which days are possiblesolutions. In the B cases,we are asking
about the solutions for m, the original meeting time, rather than m® the
restieduled meeting time. The following table summarizesthe results for
ead case:

| [r] e [m%[m]
AL1|E|l<m]| 5|3
Al2 || E m| 5|3
A21|T| <m|1]3
A22 | T m|5]|3
B:1I1||E|<m% 3|1
B:1.2 | E ml| 3 [ 1
B21||T|<m% 31
B22| T ml| 3 [ 5
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Thus we seethat in the most general context, there are three possible
valuesfor m® but only two under that assumptionthat m = 3; similarly,
there are only two possible solutions for m under the assumption that
m%= 3. If we usethe notation A: : for the context that includes the
rst four cases(where m = 3), and B:2: for the cortext where M %= 3
andr = T, : : for the most general corntext, etc., then we can also
describe the results of the above table in terms of contexts.

Further researt should consider static metaphors including the un-
usual onein Aymara. Other topics include the casewhere the meeting is
normally scheduled for the sameday of every week, and unusual models
of time, such asoccur in sciencection 29, e.g., parallel universesand time
travel (as in the movie \Back to the Future").

6 Conclusions

Humans are quite e cien t at practical reasoningabout spaceand time,
but sudh reasoningis largely unconscious,and is therefore dicult to
understand. This paper attempts to improve our understanding by intro-
ducing aformal languagecalleduni ed concepttheory, in which models of
cognitive spaceand time can be expressed,ncluding metaphors of space
astime. We have studied four examplesin somedetail, ead exhibiting an
interesting, but di erent, kind of ambiguity. In ead case,humansquickly
reach a single conclusion.We have constructed models for eat example,
sudh that the conclusionsthat can be deducedfrom the models are the
sameasthose readed by humans, and we have exploredthe assumptions
and deductions neededto read those conclusions.

Although UCT is relatively simple, the formal modelsand deductions
may seemmore complexthan is warranted by the apparert simplicity of
the examples;but this is typical of common sensehuman processeshat
are rapid but unconscious,including natural languageunderstanding and
vision. It is also similar to what happenswhen relatively simple physical
theories are applied to real systems, such as aircraft wings, ecologies,
and proteins: the underlying physical theories are much simpler than the
practical models.

Our models of human conceptsusetriads, which can conmbine discrete
symbolic with continuous geometric represertations, so that reasoning
can draw on the advantagesof ead, and the relation betweenthem; this
has a precise and very general foundation in the theory of institutions

201t is striking how easily readers accept such far from ordinary possibilities.
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(seethe appendix). Uni ed concepttheory also extends conceptual inte-
gration (blending) to triad integration, with a precisenotion of context
and a precisetheory of its role in blending. The Buddhist monk exam-
ple demonstrates how \emergent structure” arisesin blends: through
the integration of additional triads that match important non-integrated
conceptsin the input spaces;this is a major new hypothesis of this pa-
per. Although much remains to be done, we consider the results so far
encouragingsupport for the promise of applying UCT to a wider range
of problemsin cognitive science.
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A More Mathematics of Unied Concept Theory

We begin with the notion of institution [17], which axiomatizesthe pos-
sible kinds of theory and model that can be usedfor UCT. This is im-
portant becauseour examplesused seweral di erent kinds of logic and
model, and other applications will no doubt require still other logicsand
models. First, we assumethere are contexts?!, and context morphisms
which have a (partially de ned) composition operation (if ' : C ! CO

and : C%! C%then'; : C! C%denotestheir composition) that
is assaiative (i.e., ("'; ); = ";( ; ) whenewr these compositions are
de ned) and hasidentities (i.e., givena context C, there is a context mor-
phism1c suchthat 1c;' ="' and ;1c = whenewrthesecompositions

are de ned) %2,

Next, we describe how corntext changesa ect theories and models;
this also is done axiomatically?3: We assumethat for eah context C,
there is a given set Sen(C) of axioms (or sertences) for that cortext,
and a given set Mo d(C) of models®* for that cortext. If x is an axiom
for context C andif ' : C ! C9 then we let ' (x) denote the result
of moving a to the cortext C% and we assumethat 1co(a) = a and
"o (x)= (" (x) for :COl C%Similarly, givenamodel M °for CC let
' (M9 denotethe C2model that results from the changeof cortext (notice
that this translation is \contravariant” rather than \covariant"), and we
assumethat 1c(M9 = M%andthat ;' (M9 = (* (MY). Finally, given
' : C! CO° weassumethe satisfaction condition, that

MPFco' (x) i " (MY Fcx
for all C&models M © and all C-axioms x. SeeFigure 8. It seemsthat

any logic (that has a notion of model) is an institution in this sense;a
detailed argument for this is given in [32], which also describes how a

2L Most institution literature usesthe term \signature," but \context" is more appro-
priate for the wider range of applications now being explored for institutions, many
of which exhibit similarity to Peirce's triadic semiotics [35], in which the context of
a sign is important for its interpretation.

22 More technically, we are assuming a given category of contexts.

2 More technically, we assumetwo functors on the category of contexts.

24 More technically, a class, in the senseof Gedel-Bernays set theory.

22



great deal of metamathematics can be done at the level of institutions.
(We mention that institutions can be generalizedin various ways: one
is to let the satisfaction relation take values other than true and false,
e.g.,in a lattice; another is to let model and sertence classeshave more
structure, such as a category; see[23] for details.)

Sen 1 Set
Sign P P E
Pp
Pp Pg
Mo d Set
C Mo d(C) C Sen(C)
6
' Mo d(') Sen(' )
2 ?
co Mo d(CY Fc Sen(C?)

Fig. 8. Structure of an Institution

A C-theory is a set of C-axioms. We now de ne atriad over an insti-
tution | to beatriple (M ;C;T) whereM is a set®® of C-modelsand T is
a C-theory such that M E¢ T. Then a triad morphism from (M ;C;T)
to(M%C%TYisapairofmaps : T! T%and :MO° M sud that

MO%Fco (x) i (MYFcx
for all modelsM °2 M %and all axiomsx 2 T; this condition is similar to
the satisfaction condition. An equivalert form is

MO%Fco (T) i  (MYFcT
for all M%in M % where (T) =f (x)jx 2 Tg. It is easyto seethat
every context morphism inducesa triad morphism; but triad morphisms
are more general, as is shovn by the skin color example. In the special
casewhereall functions are unary predicatesand there is just onecontext,
triad morphisms degenerateto the infomorphisms of [1].

Categories represent structures, suc as automata (with their homo-
morphisms), groups(with their homomorphisms),and vector spaceqwith
linear transformation). The description of contexts and their morphisms
im the rst paragraph actually constitutes a precisede niton of the cat-
egory notion. For example, Set denotesthe category of sets, and Cat

% This is more generalthan the de nition in the body of the paper.
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denotesthe the category of (small) categories.Similarly, functors repre-
sert constructions on structures, suc as the formal language accepted
by an automaton, or the lattice of normal subgroupsof a group; and the
description of how context changesseriencesand models contains pre-
cisede nitions for covariant and cortravariant functors. Finally, natural
transformations represen relations between functors, sud as that one
constructs less structured objects than another; the vertical arrows in
Figure 9 enforcethe mutual consistencyof the relationships. More intu-
itions and examplesfor categorical conceptscan be found in [10], and in
many other places.

F(C) L G(C)
F(C) b b G(")
F(C9 f G(CY
co

Fig. 9. A Natural Transformation from F to G

Colimits abstractly capture the notion of \putting together" objects
to form larger objects, in an optimal way that takes accournt of shared
substructure®®. Whereas colimits are determined uniquely up to isomor-
phism, blends are not, asshavn by Example 3, where B could be \house-
boat,” or \b oathouse,"or someother combination of the two input spaces.
Therefore colimits are not an adequate formalization of blending. This
raisesthe mathematical challenge of weakening colimits sothat multiple,
non-isomorphic solutions are allowed. %—colimits are (somewhat tenta-
tively) suggestedas a model of blending in [11], basedon %-categories,
which have a partial ordering relation on morphisms; this relation canbe
usedto re ect the quality of morphisms, and thus can represen certain
values.

In the Buddhist monk example, the institution is equational logic,
contexts C for triads are theories, and C-theories are extensions of C
(i.e., they cortain all the declarations and axioms of C), while C-models
have signaturesthat extendC,andM E¢ T holdsi M satises T. Thus
triads hereare (M ;C;T) where T extendsC, and M is a set of models
of C plus the declarationsof T.

To reconcilethesetriads with the de nition of triad over aninstitution
| given above, we construct a new institution TX (EQ) from the institu-
tion EQ of many (or order) sorted equational logic. Actually, sinceit is

%8 gee[10] for an intuitiv e discussion of the mathematics, and [31,7] for details.
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just as easy we do the construction for an arbitrary institution |: The
contexts of TX (Il ) aretheoriesof | , i.e., pairsC = ( ;A) where isan
| -cortext and A is a setof -axioms of | ; the C-axioms of TX(l ) are
theory extensions( A9 ofC (iLe., C CPandA A9; the C-modelsof
TX (1) are %models (where 9 that satisfy A;andM Ec ( ©A9
holdsfor TX(1)i M E oACfor 1.

It is interesting to notice that the blend theory in the Buddhist monk
exampleis a colimit, and the setof modelsin the blend triad is alimit (the
dual notion to colimit) of the setsof modelsin the componert triads; this
is a special caseof a result that holds for any institution: colimits of triads
are computed by taking colimits of theoriesand limits of model sets.The
institution, contexts, and triads are the samefor the example of Section
5, and it isinteresting to notice that herethe model setin the triad of the
blend for the most general context (denoted : : ) correspndsto the
nal table in Section4, viewed asa setof tuples. It may alsobe interesting
to know that it would be easyfor a suitable automatic theorem prover to
automatically nd the solutions for eat conext.

An important open problem is to formalize the optimality principles
of [6], and a promising approad is to use cortinuous mathematics, e.g.,
potential functions on phasespace,asin our researt on the qualitativ e
segmemation of music [2, 3, 13]; this connection suggeststhat complexity
functions might be able to measurethe novelty of blends. In addition,
it seemslikely that image sthemas can be modeled using triads, with
geometrical spacesfor the sensory-motoraspects, and semiotic spacesfor
the conceptualaspects. Sothere are still many interesting issuesfor future
researdt.
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